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Foreword

This paperis basedon the “Lattices” courseheld by Michel Martini (CERN) and the
authorat the Cern AcceleratorSchoolat Bénodet(France)from Aug.30–Sep.9,1999.
Thecourseconsistedof sevenunitsof each90 minutes.Units 2,3,4coveringtransverse
dynamics,theBeamOptics code,analyticandcomputeraideddesignof latticesectionsas
FODOcell, triplet, dispersionsuppressoretc. wereheldby M.Martini, andthecontents
arewell documentedin refs.[32]and[2]. Units 1,5,6,7covering introduction,magnets,
globalquantities,acceptanceandlatticeerrorswereheldby theauthorandthusaresubject
of thispaper.



Chapter 1

Intr oduction

1.1 Intention

For abeginnertheproblemof latticedesignappearsasajungleof many parametersnested
in complicatedwayswith all kindsof constraintssuperimposed.It is difficult to obtain
an overview, to sort the priorities and to develop a methodicaldesignprocess. There
exist many goodlecturenotes,articlesandbookson beamdynamics,but how to build a
bridgeacrossfrom theoryto practicallatticedesignis not obviousfor thebeginner. It is
theintentionof this noteto closethatgapby takinga very pragmaticapproach.We will
largelydowithoutderivationsbut ratherquotetheequationsweneedandtrustthosewho
derivedthem.Howeverwe will alwaystry to beawareof theunderlyingapproximations
andlimiationsof validity. We alsoincludetechnologicalconstraintslike poletipfieldsor
coil sizesof magnetsin orderto avoid unrealisticdesignsright from thebeginning.Thus
wehopeto offer ausefulcomplementto theoreticalbeamdynamics.

1.2 Lattice design

1.2.1 Taskdefinition

The arrangementof magnetsand someother devices to guide and focus the beamis
calledthelattice.Giventhepurposeof themachine(particlefactory, light source.. . ) and
its desiredperformance(energy, luminosity, brightness,lifetime.. . ) latticedesignhasto
find asolutionwithin limitationsof availablearea,budgetandtechnology.

Beyondperformanceandfeasibility thebasicrequirementsto latticedesignare,that
thesolutionsshouldbe

simple: few differentcomponenttypes,stadardization,high latticesymmetry

robust: toleranceto errorsin alignmentandcomponentmanufacturing

fail-safe: generallyconservative, takingtechnologicalrisksonly whenit is really neces-
saryto achieveunprecedentedperformance
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4 CHAPTER1. INTRODUCTION

cheap: concerningbothinstallationandoperationcosts

reliable: thoroughlytestingin orderto enablesignificantperformancepredictions

Of courseall theserequirementscontradictperformanceanda carefulweightinghasto
bedone.

1.2.2 Methodology

Wemaydividethelatticedesignprocessinto four phases:

1. Preparation: Definition of performanceissues( � sec.4.1)andboundaryconditions.
Acquisitionof informationon availablebuilding blocks(magnets)for composing
thelatticeconcerningtheirpropertiesandtechnicallimitations( � ch.2).

2. Linear lattice: Arrangementof linearbuildingblocks(quadrupolesandbendingmag-
nets)to obtainthedesiredglobal(i.e. concerningthelatticeasa whole)quantities
likecircumference,emittance,tune,etc.Thisphaseis mostcreativeanddealswith
inventingperiodiccells,matchingsections,insertionsetc. in linearapproximation
( � ch.3and4).

3. Nonlinear lattice: Introductionof sextupolesandRF cavities for stabilizationof par-
ticels with momentumdeviations. Due to the nonlinearityof theseelementsdy-
namic acceptance,i.e. stability limits for transverseand longitudinaldeviations
from theidealreferenceparticlebecomesthemaindesignissue( � ch.5).

4. Real lattice: Investigationof lattice performancein presenceof magnetmisalign-
ments,multipolar errors,vibrationsetc. anddevelopmentof correctionschemes
( � ch.6). This final designphaseendswith a significantpredictionon theperfor-
manceof thelatticeincludingtheestimatedimperfectionsof reality.

Little of lattice designcan be doneanalytically, most tasksrequirethe aid from a
computercode. In phase2 the designerneedsa visual codeto “play” with latticesand
optimizetheminteractively. In phase3 specialtoolsfor acceptanceoptimizationandfor
tracking in order to checkthe resultswill be needed. Finally in phase4 an extended
trackingcodefor simulationof all kindsof errorsis required.

At theendof latticedesignconstructionof themachinemaystart. Of courselattice
designcontinuesfor existing machinestoo in orderto improve themfurtheror to under-
standproblems.

1.2.3 Interfacing

Latticedesignprovidesthe“skeleton”of themachine,telling how singleparticlesmove
aroundthe ring. However the “flesh” to be addedis the beamcurrent. The maximum
beamcurrentis a fuzzy subjectto be sharedbetweenbeamdynamics,vacuumandRF



1.2. LATTICE DESIGN 5

departmentsanddifficult to predictprecisely. In theframework of this paperwe assume
thebeamcurrentasgivenanddo not considerit further. Insteadwe recommendthat the
latticedesignershouldbe in contactwith his/hercolleaguesfrom otherdepartmentsfor
differentreasons:

Vacuum: Impedanceof vacuumchamberaffectsmaximumbeamcurrent,pressureaf-
fectslifetime, pumpsabsorbersandflangesrequirespace.

Radiofrequency: RF parametersdeterminemomentumacceptanceandotherparame-
tersaffectingdirectly thelatticedesign.

Diagnostics: Beampositionmonitorshave to beinsertedat theright locationsandalso
requirespace.

Magnet Design: Technologicallimits andgeometricalpropertiesof magnetsdetermine
maximummagnetstrengthto be usedin lattice design,magnetcoils needspace,
multipolarerrorsaffect theacceptance.

Alignment: Misalignmentscauseorbit distortionsaffectingtheperformanceandrequir-
ing correctionschemes.

Mechanicalengineering: Groupingof magnetsonstiff girdersimprovestherobustness
of thelatticeto misalignmentsandvibrations.

Construction: Devicesto be installedby thedifferentdepartmentsmeeton thedesign
engineersblueprintandconflictsrevealthere.

Most importantfor thelatticedesigneris to includethespacerequirementsfor all devices
right from thebeginning.

Fig.1.1givesacomparisonof thelatticedesignersandthedesignengineersview of a
latticesection.
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Figure1.1: A lattice sectionsasseenby the lattice designer(top) andthe designengi-
neer(bottom). Notehow thespacebetweenidealmagnetsis consumedby coils, BPMs,
absorbers,pumps,etc.



Chapter 2

Lattice building blocks

2.1 Lattice composition

Lattice designis the art of choosingthe suitablebuilding blocksandconcatenatethem
in theappropriateway in orderto obtainthedesiredmachineperformancewithin given
limitations.

It is importantto make a cleardistinctionbetweenlocal propertiesof the building
blocksandglobalpropertiesof thelatticeaspronouncedby ForestandHirata[17]:

“A quantityis calledlocal if it is derivablefrom the individual magnetirre-
spective of the magnetpositionin the ring andeven irrespective of the ring
itself. For exampleatrajectoryof aparticlethroughthemagnetis local. [. . . ]
Global information,on the contrary, is derivableonly after the full ring is
produced.For examplethedynamicaperturehasno meaningwhatsoever if
wecannotiteratetheone-turnmap(i.e. circulateparticlesin themachine).”

Concatenationof building blocksis doneby coordinatetransformations,i.e. trans-
lationsandrotations.For examplea verticalbendingmagnetis insertedby a horizontal
bendingmagnetprecededby a90

�
rotationaroundthe � -axis.

A building block may have any coordinatesystem,however in practiseit is eithera
cartesiangeometrywith parallelentranceandexit planes(( � ,� ) planes,perpendicularto � )
andlength � or acylindric geometrywith anangle� betweentheentranceandaxisplanes
andarclength � . Obviouslycylindric geometryis moreconvenientfor thedescriptionof
bendingmagnetsandcartesiangeometryfor othermagnettypesanddrift spaces.

After assemblingall building blocksandclosing the ring the one turn mapcanbe
calculated,it is just themappingof theparticlevector ��
	�� ������������������������ from one
turn to the next ������� "!# � ����%$'& with the orderof the mapcorrespondingto the highest
power in thecoordinates.Thustheclosedorbit is a fixpoint of theone-turnmapandthe
transfermatrixis a linearizationof theone-turnmaparoundtheclosedorbit.

For thepracticallatticedesignassubjectof thisnotewewill needonly asmall,ideal-
izedsubsetof theformalismwith following approximations:
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8 CHAPTER2. LATTICE BUILDING BLOCKS( Linearbeamdynamicswith convenientquantities:emittance(theCourant-Snyder
invariant),betafunctions,betatronphases,etc.( Decouplingof subspaces:Synchrotronmotion,i.e. dynamicsin ( � , ��� ) subspaceis
slow andthustreatedasconstantparametersoverthetimescalesof betatronmotion.
Couplingbetweenhorizontal( � ,�)� ) andvertical ( � ,�)� ) subspacesis consideredto
besmall( � sec.6.4).( Nonlineartiesaretreatedasperturbations( � ch.5).( The so called“designorbit” is just a coincidenceof the closedorbit with (most)
magnets’symmetryaxisfor theideallatticebut is notdefinedapriori.

It is importantto beawareof thesesimplifications.
Eventuallyany latticedesignhasto betestedby trackingparticlesthroughthelattice,

since tracking concatenatesall local transformationof the particle vector from block
entranceto block exit includingthecoordinatetransformationsbetweenblocksandthus
implicitely appliesthefull one-turnmap.

Thepropertiesof thebuilding blocksandtheir limitationswill beinvestigatedin this
chapter, thepropertiesof thelatticearesubjectof thefollowing chapters.

2.2 Magnetic fields

2.2.1 Multipole definition

In thelocalcoordinatesystemof amagnetthefield is givenasmultipoleexpansionaround
thelocal referenceaxis( � = � =0) by* � � ��+���-,/. * � � ����)� 	0�1*32 �54 � � .�6 � ,87 � � � ��,/.��)� �:95& (2.1)

with ; themultipoleorderand <=; thenumberof polesin themagnet,i.e. ; 	?> @<A@B)DCECDC
indicatingdipole,quadrupole,sextupole,etc. The 7 � aretheregularmultipoles(

* � 	?F
for � =0) and 6 � the skew multipoles,obtainedthrougha rotationaroundthe � -axis by
90
�
/ ; .
Thequantity

�G*H2 � is calledthemagneticrigidity. FromtheLorentzforceequationit
is directlyderivedasratioof momentumovercharge:*32I	 � J 	LKNMPO=Q;SRUT 	 K;'R BACVBWBWXZY M [GeV] (2.2)

with ;SR the numberof elementarychargesper particleand K 	\[ O T . For electronsand
positronsis K^] >

usually.
By differentiationof eq.2.1weobtainausefulexpressionfor apure,regularmultipole:7 �3	 >*H2 >� ; # > �`_ aSb �:95&1c * � � ��+���a � �=95& ddddd �+e�f (2.3)
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2.2.2 Pole tip field

Theradiusof acylinderaroundthesymmetryaxistouchingthemagnetpolesis calledthe
poleinscribedradiusor magnetapertureradius g . In caseof dipolesinsteadthefull gaph 	 <Zg is usedfor characterization.Thepoletipfield of a regularmagnetis thengiven
from eqs.2.1and2.3by* !+i 	0�G*H2 �U7 � g �=95& 	 g �=95&� ; # > �j_ a b �=95&1c * � � ����)�a � �:95& ddddd ��e�f (2.4)

2.2.3 Conventions

Unfortunately there are different definitions of multipole strength. The quadrupole
strength,alsooften called k is definedwith differentpolarities: k 	 7jl or k 	 # 7@l .
For thesextupole(andhighermultipole)strength,called m or k�n or other, definitonswith
and without the factorial are used: m 	 o 7@p or m 	 o <Z7@p . In order to avoid mis-
understandingsit is saferto characterizesextupolestrengthin termsof

* !Ui O g l . In our
definition a quadrupoleof positive strengthprovideshorizontalfocussingto a beamof
positiveparticles.

2.2.4 Elementary particle tracking

A particle traversingthe magneticfield is deflected. If we assumethat the motion is
paraxial(smallangleof inclination �5q , �rq with theaxis),that themagnetis shortandnot
too strong(i.e. � , � ] constantduring passage)we obtain for the kick appliedto the
particlefrom integrationof Lorentzforce�P� q 	 # >*H2Is * �Dtvu �I� q 	 >*H2Hs * ��tvu (2.5)

Examplesof kicks from pureregularmultipoleswith effective length � :

Quadrupole: �P�5q 	 # 7@l`�w� �I�vq 	 7@lj�x�
Sextupole: �P�5q 	 # 7@p`� � � l # � l � �I�vq 	 <Z7@pj�y�z� (2.6)

Dividing a magnetin many thin slicesandapplyinga seriesof kicks anddrifts would be
a first ordersymplecticintegratorof the particle’s motion throughthe magnets.Higher
ordersymplecticintegratorsapplykicks anddrifts in a deliberateway in orderto reduce
theintegrationerror.

2.3 Building blocks

The elementarybuilding blocks for linear lattice design are bending magnetsand
quadrupolesfor guiding and focusingthe beam. The nonlinearlattice designalso in-
cludessextupolesusedfor correctionof thequadrupoles’chromaticaberrations.Thereal
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lattice with alignmentand othererrorsalso includessmall correctordipolesand skew
quadrupoles.In additionevery ring needsinjectiondevices(kickersandsepta)andone
or moreRFcavities for accelerationandlongitudinalfocusing.

Specialdevicesnot usedin every machinesareundulatorsin light sources,electro-
staticbeamseparatorsin somecolliders,andseldomsolenoidsfor focussingandbeam
rotation.

2.3.1 Bendingmagnet

The bendingmagnetis a block of cylindrical symmetrywith a curvature,resp. radius{)|~}�� 	�> O 2 |~}�� , arclength � andbendangle � 	 � {)|�}�� .
Thedipolemoment7 &�	�* � O �G*H2 � providesa curvature

{ 	 7 & of a particle’s trajec-
tory. Themagneticfield is adjustedthat

{ 	 {)|�}��
for theparticularenergy of thereference

particle.For particlesatotherenergiesthetrajectories’curvaturesdonotmatchthecoor-
dinatesystem’s curvature,they thusleave thebendoff-axis evenif they enteredon-axis,
aneffectcalleddispersion.It is importantnot to mix

{�|~}��
which is givenby geometryand{

which is a functionof magnetcurrent.
In a puresectorbendthe entranceand exit edgesof the magnetareorthogonalto

the arc, in the generalcasethe edgesmay be rotatedby angles� & , �`l to be includedin
thecoordinatetransformation.Rectangularbendshave parallelentranceandexit edges,� &x	 ��l 	 � O < . Laminatedmagnetslikeusedin synchrotronsfor reasonsof eddycurrent
suppressionarealwaysrectangularsincemanufacturingisdoneby stackingthelaminates.

If thebendingmagnetalsohasa quadrupolemoment7@l it is calleda combinedfunc-
tion magnet.Weakfocusingsynchrotronsusedcombinedfunctionmagnets,thedefinition
of the“field index” ; 	 # 2* � a * �a � (2.7)

goesbackto thesetimes. Recentlycombinedfunctionmagnetsbecameagainattractive
for low emittanceboostersynchrotrons[34].

The magnetgap h hasmost impacton magnetdesign(seebelow) andalsoaffects
slightly thefringefield optics[8].

Summarizingtheparametersfor descriptionof a bendingmagnetare� ,
{)|�}����	 7 & , � & , �`l , h , [ 7@lNCDCDC ].

2.3.2 Quadrupole

Quadrupolesareusedfor focusing,they aretreatedin thenext chapters.Thefield gradient
is givenby � 	 a * � O a �w� �+e�f 	?�G*H2 �U7@l .

Parameters:� , 7@l , g .
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2.3.3 Sextupole

The sextupole is usedfor correctionof quadrupolechromaticaberrations,and will be
treatedin chapter5.

Parameters:� , 7@p , g .

2.3.4 RF cavity

For thepurposeof latticedesignthecavities aretreatedasthin elementswhereparticles
receive a changein energy dependingon the time of arrival expressedas the lag ���
comparedto thereferenceparticle: � M 	 JZ� |~�Z�+��� ��� n # <:����� OW� |�� �

Parameters:Wavelength� |~� andpeakvoltage
� |��

.

2.3.5 Corr ectors

Closedorbit correction( � sec.6.3)requiressmallhorizontal(regular)andvertical(skew)
dipolemagnetsof cartesiangeometry. Sometimesthey areembeddedasadditionalcoils
in quadrupolesor sextupoles,however it is importantto subtractthecorrectorsmaximum
field from themaximumpoletip field allowedfor thequadrupoles,resp.sextupoles.

Parameters:�P�5q �1	�� 7 & tvuG� , �I�vq �1	�� 6 & tvuG� , h .
2.3.6 Monitors

Beampositionsmonitorsarepassiveelementsfor observationof beamposition.They are
only mentionedbecausethey requirespace,have to beinsertedinto the latticeat special
locationsandtherearemany of them.

2.3.7 SkewQuadrupoles

Correctionof horizontal-vertical couplingdue to roll errorsin the real lattice requires
smallskew quadrupolecorrectors( � sec.6.4).Oftenthey areincludedinto thesextupoles
asadditionalcoils.

Parameters:
� 6�ljtru , g

2.3.8 Injection kickers

Injection requireseither a fast kicker to bendthe injectedbeamto the axis (“on-axis
injection”) or a closedbumpof slower kickersfor multiturn injection. Importantis time
structureandmaximumkick to thebeam.

Parameters:
� 7 &E��� �Utvu
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2.3.9 Septum

For injection or for beamseparationin a collider septummagnetsarerequired. A sep-
tum is a coppersheetof high currentattachedto a dipole magnetin orderto provide a
sharpcut-off of thefield. Distanceto theaxisandthicknessof septumareimportantfor
acceptanceestimates.

Parameters:� , 7 & , distanceto axis,thickness

2.3.10 Solenoid

Solenoidsappearmostlyasparasiticelementsin latticedesignsincethedetectorsat the
interactionregionsof collidersoftenuselargesolenoidalfieldsaffecting thebeam.Fo-
cussingby asolenoidis asecondordereffectwhile beamrotationis thefirst ordereffect,
thus the focusingstrengthgoesdown with M l . Use of solenoidsis thus restrictedto
low energies.Fromthelongitudinalfield

* n follow rotationangleandfocusingstrength
approximatelyto �E����� 	�* nU� O � < *H2 � and kZ����� 	 �1* n � O � < *H2 �+� l . The exact treatment
however is rathercumbersomesincethe transversevectorpotentialsin the Hamiltonian
cannotbeneglectedlike for otherelements[21].

Parameters:� , �E����� , kW�~��� , g
2.3.11 Undulators

Light sourcesuseundulatorsto forcetheelectronson a “slalom course”for emissionof
bright synchrotronlight. In contraryto otherelementsmostundulatorsusepermanent
magnets.They arecharacterizedby peakfield

*¢¡
, wave lengthof theslalommotion � ¡

and the numberof periods £ ¡ . The gap h canbe very small in modernlight sources
causingacceptanceproblems.The mostprimitive modelfor anundulatoris a seriesof
small dipole magnetsof length � ¡ O=¤ of alternatingpolarity with emptyspacesof same
lengthin between.Wigglersaresimilar to undulators,but have fewer polesandhigher
field.

Parameters:� ¡ , £ ¡ , *¥¡ , h
2.3.12 Separators

Colliders with particle/antiparticlebeamsof sameenergy cannotseperatethe beams
by magneticdevices but needelectrostaticplates. Since Lorentz force is given by�¦§	 J � �M , �[©¨ �* � electricfields comparedto magneticfields act weakly on high en-
ergy beams.Thusthe devicesareunwieldyandneedvery high voltage. An alternative
areRFseparators.

Parameters:� , �M , gap
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Figure 2.1: Iron dominateddipole magnet. Integrating Maxwell’s equation ª¥«¬tr� 	�¢�® tv6 along the pathas shown at the left gives the crosssectionarea ¯ of the coils
requiredto createthe field

*
: ¯ 	°* O � < D± �E²´³'µ | ��¶ O �G·S¸U·S¹ �º, h O ·-¸ » with

D±
the current

densityin thecoil. Sincetheiron permeability
·'¹½¼ >

thissimplifiesto ¯ ] * h O � < D±�·-¸ � .
Thefigureat right showsthedistinctionbetweeneffectivemagnetlength,iron lengthand
total lengthdueto additionof coil width to iron length.

2.3.13 Space

A very importantelementnot to be forgottenduring latticedesignis freespace.Space
requirementsfor RF systems,diagnosticequipment,vacuumpumps,absorbers,flanges
and magnetcoils have to be taken into accountright from the beginning. The lattice
designershouldconsultthe colleaguesfrom otherdepartmentsearly in order to avoid
revisionsof hisbeautifulcompactlattice.. .

2.4 Interfer encesfr om magnetdesign

A brief detourinto magnetdesignis requiredin orderto includelimitationson magnet
strengthesandrequirementsfor distancesbetweenmagnetsinto thelatticedesignprocess.

2.4.1 Coil size

For an iron dominatedmagnetlike shown in fig. 2.1 therequiredcoil crosssectionarea
is givenby ¯ 	�* h O � < D±�·-¸ � . A conservativevaluefor thegrossaveragecurrentdensity
in a watercooledcoil (including waterpipes,insulations,etc.) is

D± ] <¾CDCDC+B A/mml .
Assuminga realisticbendingmagnetof 1.5 T field and40 mm gapthe crosssectionis¯ ] >%FZF

cml andthecoil mightbequadraticwith 10cmwidth andheight.Althoughthe
iron lengthis shorterthantheeffective lengthof themagnetby �yµ | ��¶ ] � � }�¿ # h � thecoil
in our examplewould add16 cm to theeffective magnetlengthasusedin latticedesign.
Sameconsiderationscanbe donefor quadrupolesandsextupoles. Figure1.1 makes it
clear.
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Somedatafor theeffectivecoil width, i.e.
� � i � i� � # � }�¿ � O < , to beaddedonbothsides

of amagnetasfreespacearelistedin table2.1.

Table2.1: Somedatafor effective coil width maximumpoletip fields andaperturein-
scribedradii obtainedfrom asurvey on light sourcemagnets[27]

eff. coil width max.poletipfield apertureradius
Bendingmagnets: 6.5. . .15cm 1.5T 20.. .35mm(=h /2)
Quadrupoles: 4 . . .7 cm 0.75T 30.. .43mm
Sextupoles: 4 . . .8 cm 0.6T 30.. .50mm

2.4.2 Maximum poletip field

Somedatafor themaximumpoletipfield for normalconductingiron dominatedmagnets
arealsogivenin table2.1.Thepoletipfield is limited dueto saturationeffectssomewhere
in the iron. Although magnetiron saturatesfully around2.2 T it becomesnonlinearat
lowerfieldsalready. In orderto maintainthehighfield homogeneityrequiredfor modern
machinesandto ensurepredictabilityandreproducabilitythemagnetdesignshouldavoid
saturation.Thelimits on poletipfieldsfor quadrupolesandsextupolesarelower thenfor
bendingmagnetssinceflux linesarecompresseddueto pole geometryandhigherfield
valuesappearsomewhereelsein theyoke. Saturationof a <=; -polewill createa parasiticY=; -pole( � sec.6.5).

2.4.3 Magnet apertures

Calculationsasdonein figure2.1canbedonefor any iron dominatedmultipoleandlead
to the result that the requiredcurrentper coil expressedaswindings

¨
current £ÁÀ or

currentdensity
¨

coil crosssection
D± ¯ is proportionalto the poletip field

¨
aperture

radius
* !+i g .

Keepingthemultipolestrengthconstantwe thusobtainfrom eq.2.4aproportionality
of £ÂÀ¬Ã\g � , e.g. quadrupolecurrentsincreasewith thesquareof aperture.Thepower
consumptionriseseven steeperas with squareof currentsincelarger currentsrequire
largercoils with longerwindingsandthushigherresistance,etc. Thusfrom themagnet
designpointof view theaperturesshouldbeassmallaspossible.

On theotherhandtheapertureshave to beaslargeasnecessaryfor thedesiredlattice
performance,in particularfor theacceptance( � ch.5).

Sincepoletip field is the limited quantity, larger aperturedecreasesthe maximum
acceptablemultipolestrength.With largerapertureaquadrupolehasto bebuilt longerfor
maintainingthe integratedfocusingstrength,whenthe maximumpoletipfield hasbeen
reached.In thisway thewholemachinesizeincreaseswith magnetapertures.

Somedatafor poleinscribedradii arealsolistedin table2.1.
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2.4.4 Superconductivity

Superconductingmagnetsreachhigherfieldsandthuscanbebuilt muchmorecompact
thannormalconductingones:Compactlight sourcesroutinelyusefieldsof about4.. .5 T
( � text following eq.4.6)with conventionalNbTi-wires at boiling helium temperature
of 4.2 K. Even higherfields of 8.. .10 T requireother, lesscommonmaterialsfor the
superconductingwires like Nbp Sn or cooling with superfluidhelium [18]. The wiggler
for VEPP-2Mreached7.5 T [24], andthe final focussingsolenoidsof the Novosibirsk� -factoryaredesignedfor 11T [3].

However superconductingmagnetshave seriousdisadvantagescomparedto normal-
conducting,iron dominatedmagnets:( Far beyond saturationiron behaves magneticallylike air, i.e.

·S¹Ä	 >
, thus the

magnetfield geometrycannotbe shapedwith iron polesbut only with the coils.
This imposescomplicateddesignconstraintson thecoil geometry.( Neverthelessthesamefield homogeneitylikewith iron dominatedmagnetscannot
bereachedusually.( Theforcesin thecoilsareenormousandrequirethoroughmechanicalengineering.( Thedevicesaregenerallymuchmoreexpensive, in particularwhenthecryogenics
is not yet in housebut hasto bebuilt up for thenew machine.( The devicesare not as reliable, they may quenchdue to inhomogeneitiesin the
wiresor evendueto radiation.

Thus lattice designshouldprefernormalconductingmagnetsandrequestfor super-
conductivity only when it is unavoidabledue to spacerestrictions,for examplein the
interactionregionof acollider.
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Chapter 3

Transversedynamics

For anintroductionto lineartransvesedynamicswereferto refs.[32, 50, 52,48, 59] cov-
ering the linearHamiltonianof betatronmotionwith appropriateapproximations(small
curvature,paraxialmotion, piecewise constantfields), the equationsof motion, Hill’ s
equationandintroductionof betafunctions,betatronphasesanddispersion,andhow to
obtain thesequantitiesfrom a transfermatrix. Thesereferencesalsogive examplesof
transfermatricesfor particularmagnetsandof basiclattice cells like a triplet, a FODO
cell, etc.,obtainedby multiplicationof theconcatenatedmagnets’transfermatrices.

For ourpurposesweonly quotetheessentialformulaeto befrequentlyused:
Thelinearbetatronmotionof aparticleasits coordinateat locations is describedby� � ��� 	�Å <rÆW�¢Ç K � � ���AÈ�É � � � � ���U�-,ËÊ � ���ÌÇ�� (3.1)

with K � , �5� and Ê betafunction,betatronphaseanddispersionfunction, � 	 �Í� O � ¸
the relative momentumdeviation and <rÆW� the betatronamplitude. The sameequation
appliesto thevertical � , with Ê � ���®Î F

in caseof aflat lattice.
Eq. 3.1 is derivedfrom thecanonicaltransformationof thelinearHamiltonianto the

form « 	 Æ O=K with invariantbetatronamplitude Æ andphase� asnew variables(thats
thereasonwhy it is 2 ÆW� ), seerefs.[48, 59] for details. � is assumedasa constantsinceit
is only slowly varying(“adiabaticapproximation”).Ï , K , Ð arecalledthetwissparameters(not to beconfusedwith therelativistic param-
eters!)andrelatedwith eachotherandthebetatronphaseby� 	 s � > O=K �Utr� Ï 	 # K q< Ð 	 > , Ï lK (3.2)

The generaltransfermatrixÑÄÒ+Ó�Ô from somelocation 6 to anotherlocation 7 in the
latticeis describedby a transformationto actionanglevariables(circle transformationto
Courant-Snydercoordinates)at location 6 , followedby a rotationin phasespaceby the
betatronphaseadvance��� 	 ��Ô # �zÒ andby abacktransformationat location 7 :

ÑÄÒUÓÕÔ 	×Ö 95&Ô Ø È�É � ��� �+�~� ���# �+�~� ��� ÈEÉ � ���ËÙ Ö Ò with
Ö×	ÛÚÜËÝ K FÞÝ ß Ý Káàâ (3.3)
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Multiplication gives

ÑÄÒUÓ�Ô 	 ÚãÜ Å ßjäß@å � ÈEÉ � ���I, Ï Ò �+�~� ���'� Ý K Ò K Ô �+�~� ���b Þ å 9 Þ ä cçæ ���`è-é 9 b &1$ Þ å Þ ä c ��µê¶vè-éÝ ß å ßjä Å ß@åßjä � ÈEÉ � ��� # Ï Ô �+��� ���S� àçëâ (3.4)

For aperiodicstructure,i.e. 7 	 6 , thissimplifiesto theone-turnmatrix

ÑÄÒ 	 Ø È�É � <:��ìí, Ï Ò �+�~� <:��ì3� K Ò �+��� <���ì# ÐAÒ �+��� <���ì È�É � <:��ì # Ï Ò �+��� <:�îì Ù (3.5)

The transformationof twiss parametersalongthe lattice is givenby a B ¨ B matrix
composedof elementsof ÑÄÒ+Ó�Ô , hereexpressedin termof sineandcosinetypesolutions:ÚãÜ KÏ Ð àçëâ Ô 	 ÚãÜ ï l # <W³ ï ³ l# ï3ï q0³yq ï ,ð³ ï q # ³x³Ìqï q l # <W³Ìq ï q ³Ìq l àçëâ Ç ÚãÜ KÏ Ð àçëâ Ò with ÑÄÒUÓÕÔ 	 Ø ï ³³yq ï q Ù

(3.6)



Chapter 4

Global quantities

Equippedwith knowledgeonandtoolsfor latticedesignwemayfacenow thepurposeof
themachineandfind out how thelatticehasto beshapedin orderto obtainbestperfor-
mance.

First we will seehow thefiguresof merit dependonquantitieswe canmanipulateby
latticedesign,thenwe will examinethelimitationsandinterconnectionsof thesequanti-
tiesandhow to optimizethem.

4.1 Figuresof merit

4.1.1 Light source: Brightness

Brightnessis theperformanceissuefor undulatorbasedlight sourcesusedfor researchin
biology, chemistry, surfacephysics,etc. Brightnessis definedasphotonflux densityin
phasespaceandwithin a certainbandwidthof wavelength.On oneof the peaksof the
undulator’s line spectrumandonaxisthepeakbrightnessñ is givenby [35]ñ 	 Flux¤ �Nò½�:ò½�@ó�ò½�Dò½�Uó ô photons

s Ç mml Ç mrad
l Ç 0.1%W õ (4.1)

with the ò indicatingthephotonbeam’s rmsradiusanddivergenceobtainedfrom a con-
volutionof theelectronbeamandthephotondiffractionparametersbyòºö 	 Å ÷ lö , ÷ l¹ and òºö ó 	 Å ÷ lö ó , ÷ l¹ ó ø 	 � or � (4.2)

with thediffractionsourcesizeanddivergencegivenby÷ ¹¾	 Ý � � ¡¤ � and
÷ ¹ ó 	úù �� ¡ (4.3)

with � ¡ theundulatorlengthand � thephotonwavelengthunderconsiderationgivenby� 	 � ¡<=;'Ð l � > ,8û l¡ O <W� with û ¡ü	 Q *¥¡ � ¡<:�îm ¸ T (4.4)
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Table4.1: High brightnesslight sourcesin operationor underconstruction[35] (Status
1996).(Thelatticefactor

¦
correspondsto eq.4.18,seebelow.)

Name Country M [GeV] £ �� "ý þ � ¸ [nm rad]
¦

ALS USA 1.5 36 3.4 8.9
MAX-2 Sweden 1.5 20 8.7(+D) 3.9
BESSY-2 Germany 1.7 32 5.2 7.5
ELETTRA Italy 2.0 24 7.0 3.1
PLS S.Korea 2.0 36 12 18
SLS Switzerl. 2.4 36 4.8 4.9
ESRF Europe 6.0 64 4.0(+D) 3.7
APS USA 7.0 80 8.2 11
Spring-8 Japan 8.0 96 5.6 9.6

(+D) indicatesdispersive beamsin undulators,SLSdata1998

andfinally � ¡ , *¥¡ theundulator’s periodandpeakfield and ; theselectedharmonicof
thespectrum.

The photonflux againis a function of undulatorproperties,of acceptedbandwidth
andof courseof thebeamcurrent.For moredetailedandimprovedbrightnessformulae
seeref. [28].

Sincewearedealingwith thelatticedesignwearenotinterestedin absolutebrightness
numbersbut only wantto know whatwecandoin orderto increasebrightness;increasing
thephotonflux whichdependsonundulatordesignandthemaximumbeamcurrentis not
our task.

Anticipatingtheresultsonminimumemittanceweconsideramodern,few GeVlight
sourcewith a flat lattice designedfor low horizontalemittanceþ � of somenmÇ rad and
with the vertical emittanceþ � 	 h þ � in the rangeof somepmÇ rad dueto low coupling
relatedparameterh ] >%F 9 p ( � sec.6.4).Fromeqs.4.3we mayseethathorizontallythe
convolutedbeamparametersfrom eq.4.2aredominatedby theelectronbeam’semittance
but vertically it dependson thewavelength:Radiationin theVUV range(photonenergy] >DFWF

eV) will bediffractiondominatedwhereasin theX-ray region( ÿ >%F
keV photons)

theelectronbeamisdominating.For thebrightnesswethusobtainanapproximatescaling
as

VUV: ñËÃ >þ � X-ray: ñðÃ >þ l� h (4.5)

We assumedherethattheelectronbeamhasa focusat sourcepoint, i.e. Ï ö 	§F
andthus÷ öºÇ ÷ ö ó 	 þ ö . Therelations4.5givea cleardirective to light sourcelatticedesign:Make

the emittanceaslow aspossible.The meansto achieve that we will investigatebelow.
Thechoiceof beamenergy is guidedby experimentaldemandsandundulatortechnology
in order to provide high brightnessat photonenergies of interest. Table 4.1 givesan
overview of highbrightnesslight sources.
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Compactlight sourcesfor industrialapplicationsasX-ray lithographyof wafersused
for microchipproductionhave completelydifferentrequirements:Brightnessis no con-
cernbut flux at a photonenergy of oneor a few keV. Thecritical photonenergy is given
by [35] � ±

[keV]
	�F C YWY�X * [T]

� M [GeV] � l (4.6)

Sincethis typeof light sourcehasto beascompactaspossibleandmaybeevenlight
weightedin orderto make it asa wholeaninterchangablecomponentin a waferfactory,
thechoiceis madein favour of high magneticfield andlow beamenergy. Thuscompact
light sourcesusuallyoperatebelow 1 GeV andhave a small numberof superconduting
bendingmagnetswith many radiationports.

A typicalexamplewouldbetheHELIOSmachine,operatingat relatively low energy
of 700 MeV and using two

>��WF �
bendingmagnetsof 4.5T field in a simple racetrack

latticefor producingradiationata suitableenergy of 1.47keV [13].

4.1.2 Collider: Luminosity

Luminosityis thekey issuefor colliderssincetheproductionratefor aparticleof interest
is givenasproductof luminosityandcrosssectionfor thedesiredreaction.

Luminosity is generallydefinedas 4-dimensionaloverlap integral of two colliding
bunchesin spaceandtimeandin theultrarelativistic limit givenby� 	���± s�s©s�s $��9�� 	 $ � �����j�®,ËT � � 	 9 � �����j� # T � �5<ZT`t � tr� tW� t�� (4.7)

with 	 9 and 	 $ theparticledistributionswithin thebunches.Notethattherelativevelocity
of thecolliding bunchesin lab spaceis <ZT . ��±®	 T O 7 is thecollision frequency with 7 the
distancebetweensuccessivebunchesin thebeam.

We assumeGaussiandistributionsfor 	 9 and 	 $ , asthey developrapidly in electron-
positroncollidersdueto thesynchrotronradiationequilibrium(seebelow). For simplifi-
cationwe alsoassumeidenticalrmsbeamparametersfor bothbeams.If we alsoallow
thebeamsto collidenothead-onbut atasmallcrossingangle<Z��
 >

wemaywrite

	� � �����j� o T � � 	 £ �� <:�N� p��"l ÷ � � ��� ÷ � � ��� ÷ n Q 9����������������� � ����� � 9  ����  ����� � 9����!��"!#������� �� C (4.8)

We assumedthecrossingto behorizontal,in caseof a verticalcrossing� and � have to
beexchangedof course.

At collision point thebeamshave a sharpfocuswith rmsbeamradii of
÷%$� , ÷%$� . The

beamradii beforeandafterthispointaregivenby÷ ö � ��� 	 ÷ $ö &''( > , Ø �K $ö Ù l  ø 	 �*)�� (4.9)
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Integrationof eq.4.7usingeqs.4.8,4.9givesfor theluminosity� 	 �:± £ $ £ 9¤ � ÷ $� ÷ $� Ç:³ (4.10)

We mayinterpretthisequationasaa particlestreamof
�:± £ $ (particles/second)hitting a

targetof density £ 9 O:¤ � ÷ $� ÷ $ö (particles/ml ), thusthe < ÷ beamcrosssectionis theinter-
actionarea.

The“luminosity suppressionfactor” ³ describesthe increaseof effective interaction
areadueto thedivergencefrom eq.4.9[33] andto thecrossinganglebetweenthebeams.

³ 	 <Ý � ÷ n
�s f Q 9 � �� � � � Q 9 � �+�� � ����� � �, > ,.- nß/�10 l ù > ,32 nß/ 54 l tr� (4.11)

Usuallythesuppressionfactoris about ³ 	�F C � CECDC F C76�X .
Eq.4.10givesusstill noguidelinefor latticedesignexceptthatweshouldhaveasharp

focusat interactionpoint. In orderto obtainamoreusefulformulaweintroducethespace
chargeparameters[19] 8 �ö 	 9 R<:�-Ð � £;:Ô K $ö÷ $ö � ÷ $� , ÷ $� � ø 	 �*)�� (4.12)

9 R is theclassicalelectronradius.Thespacechargeparametersarerelatedto themax-
imum tuneshift a particlemayexperienceduringcollision dueto the focusingfrom the
oncomingbunch.Experienceat many machinestells that theseparametersaregenerally
limited to values< F C F X otherwisethebeamsbecomeunstable.For ourpurposeof lattice
designthey thusnicelyhidethebeamcurrent,we acceptthatthey arelimited anddo not
considerthemanymore.

Actually eq.4.12is two equationsfor thetwo transverseplanes,howeverit is of course
the sameparticlenumberin both equations.Eliminating it we canrelatethe ratiosof
emittancesandbetafunctionsto theaspectratioof thebeamatcollision

� 	 ÷ $� O ÷ $� :h 	 þ �þ � 	
8 �8 � � K $�K $� 	

8 �8 � � (4.13)

Introducingeqs.4.12,4.13into eq.4.10,alsousingeq.6.7andassumingsameenergy
andcurrentfor bothbeamsgives� 	 ��T@Ð l9 lR � > , � � l�ç> , h � þ � ¸K $� 7

8 � 8 �E³ (4.14)

We seethat the useof round beams(
� 	 h 	 >

) would provide doubleluminosity,
howeverwedon’t considerthatoptionhere,leadingto ratherexotic lattices[3][9]. Instead
weassumeflat latticeswith

� 
 >
and h 
 >

.
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It is at first puzzlingthat luminosity increaseswith emittance,sincelarge emittance
widenesthe focus,however rememberthat the currentlimitations dependon the beam
sizestooandhavebeeneliminatedby eq.4.12.Actually onecaneasilyshow for idealflat
or roundbeamsthat

8 Ã�£ O þ � ¸ , i.e. thespacechargeparameterexpressesa limitation of
phasespaceparticledensity. Thusemittanceentersin squarevia £ but only linear via÷ $� ÷ $� 	 þ � ¸ K $� 8 � O 8 � .

For thelatticedesignwe thusobtainthreeguidelines:( Emittanceshouldbeaslargeaspossible,i.e. aslargeasthebeampipepermits.( K $� shouldbeverysmallbut largerthanthebunchlength
÷ n , seeeq.4.11.K $� follows

from eq.4.13. With K $� as small as 1 cm a speciallattice section,the so called
“mini-beta-insertion”,equippedwith extremelystrongfocusingelements,hasto be
designed.( The distancebetweensuccessive bunches7 shouldbe minimized. With crossing
beamsevery RF bucket couldbeusedin principlethusmaking 7 	 � ¹�= . In head-
on collision the beamhave to beunitedandsepearatedascloseto the interaction
pointaspossiblein orderto avoid parasiticcrossings.In caseof particle/antiparticle
beamsof sameenergy theseparationhasto bedonewith electrostaticplatesor RF
devices,elsemagnetstoo canbeused.An empiricallaw for theminimumdistance
in parasiticcrossings,i.e. closeencountersof vertically separatedflat beamsis
givenby �I� ÿí<AC X ÷ � [43].

Therearemany possiblelayoutsof collidersdependingon thepurpose:
The electron-positronparticle factoriesgo for highestluminosity at a fixed energy,

eitherwith samebeamenergieslike the � -factories[5][3] or with differentenergieslike
the B-factoriespreferringa boostof the B-mesons. The centerof massenergy to be
suppliedin beamcollision is givenby theparticleto beproducedof course,rangingfrom
1.02GeVfor the � -mesonto 161GeVfor W-pairs.

High energy machinesare in searchof new physicsin new energy scalesandthus
aremadefor beamenergiesashigh aspossiblelike the electron-positroncollider LEP
operatingat 100GeV or thenew hadroncollider LHC operatingat 7 TeV [18] Thereare
alsohybrid colliders like HERA for collisionsof electronsandprotonsandheavy ion
colliderslikeRHIC [39].

Thering layoutis adoublering in caseof differentenergiesor particles,howeverwith
particle/antiparticlesat sameenergy bothbeamscouldsharethesamevacuumchamber,
avoidingparasiticcrossingsby electrostaticexcitationof betatronoscillations.

This is thesocalled“pretzel” schemeasappliedatCESR[44].
Table4.2givesanoverview oversomecolliders.
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Table4.2: Circularcollidersexistingor underconstruction[22]
Name country particles M [GeV]

�
[
>%F p�l cm

9 l s95& ]
DA � NE Italy Q $ Q 9 2

¨
0.7 5

BEPC China Q $ Q 9 2.8 0.2
VEPP-4M Russia Q $ Q 9 6.0 1
CESR USA Q $ Q 9 6.0 6
PEP-2B USA Q $ Q 9 3.1+ 9.0
KEK-B Japan Q $ Q 9 3.5+ 8.0 100
PETRA Germany Q $ Q 9 2

¨
40

LEP Europe Q $ Q 9 100 0.6
HERA Germany Q 9 � 12+ 40 0.1
RHIC USA �W� , Ions 2

¨
250(� )/

& f�f¡ (Au
$
) 0.1(� )

Tevatron USA �?>� 2
¨

1800 1.8
UNK Russia �W� 2

¨
3000

LHC Europe �W� 2
¨

7000 100

4.1.3 Lifetime

Performancein termsof brightnessandluminosity is only usefulif thebeamlifetime is
long enoughto do theexperiments.Of coursebothhigh brightnessandhigh luminosity
leaddirectly to particlelosses.Themostimportantprocessesare:( Touschekeffect is scatteringof particleswithin thebunch,leadingto a transferof

transverseto longitudinalmomentumexceedingthe momentumacceptance.The
lossrateis inverselyproportionalto thebunchvolume,thuslight sourceswith their
low emittancebeamssuffer mostfrom Touschekeffect. Touscheklifetime is sensi-
tive to momentumacceptancethusmakingmomentumacceptanceof thelatticean
importantdesignissueto bediscussedin detailin thenext chapter.( Beambeambremsstrahlungis scatteringof particlesbetweencolliding bunches
alsoleadingto a momentumchangeexceedingthe acceptance.However the loss
crosssection

÷ Ô dependsonly weaklyon themomentumacceptance.With thehalf
lifetime simplygivenby

Ö 	 £ ¸ O � ÷ Ô � � [36] andsinceluminosityis whatwewant,
theonly wayout is to startwith a largeinventoryof particlesin many bunches.( Residualgascontributesmainly by bremsstrahlungandelasticscatteringon nuclei
to losses,thefirst effect leadingto a transversedeflectionandthesecondto a mo-
mentumchangeof theparticles.Most sensitive to elasticscatteredparticlelosses
arelight sourcesdueto thenarrow gapof theundulators.Fromthe latticedesign
little canbedone.It is thetaskof thevacuumdepartmentto reducethegaspressure
to a level of 1 nTorr.( Quantumlifetime in electronstoragerings is just the lossof particlesat the tails
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of the Gaussianto thebeampipewalls or to theRF bucket’s separatrix.As a rule
of thumbthe beampiperesp. the bucket shouldat leastaccomodateY)CVX ÷ of the
transversedistribution in the ideal lattice or better

>DF ÷
taking into accountorbit

distortions. This effect limits the maximumemittanceof colliders but is of no
concernfor light sources.

For moreinformationon lifetime seerefs.[60,61,36, 45].

4.2 Emittance D �FE
For light sourcesemittanceis the designcriterion.

Thenaturalhorizontalemittanceof aflat latticein practicalunitsis givenby

þ � ¸ [nm Ç rad]
	ú> ¤HG Fü� M [GeV] � lJI+K O 2 pMLÆW� I > O 2 l L (4.15)

with K thesocalledlatticeinvariantor dispersion’semittance,K � ��� 	 Ðv� � ���UÊ � �:� l ,ð< Ï � � �:�çÊ � ���çÊ q � �:�î, K � � �:�çÊ q � ��� l (4.16)

and I CDCDC L anaverageover thelattice.
ThehorizontaldampingpartitionnumberÆW� is givenby eq.4.25below, in mostcases

it is closeto unity.
In caseof anisomagneticlattice,i.e. all magnetshaving samebendingradius,eq.4.15

simplifiesto þ � ¸ [nm Ç rad]
	�> ¤HG F � M [GeV] � l I+K L �� "ý2 ÆW� (4.17)

with I CDCEC L �� "ý anaveragetakenover themagnetsonly.

4.2.1 Minimum emittance

Solvingtheintegralover K andminimizingtheresultin respectto thevaluesof Ï � , K � , Ê
and Ê q atmagnetcentreor entrancegivesthetheoreticalminimumemittance[56, 16, 55].

Assumingthat thereare identicalcells with only onetype of bendingmagnetwith
deflectionangle � , and further assumingthat � O <N
 >

, which is valid for most light
sources( �O< < F � gives < >QP

error),theemittancecanbewrittenas

þ � ¸ [nm Ç rad]
	�> ¤HG F � M [GeV] � lÆW� � p ¦> < Ý > X (4.18)

with � thedeflectionangleperbendingmagnetin radianand
¦SR >

a factordepending
on thelatticetype. Thetheoreticalminimumemittanceis achievedfor

¦0	 >
. Table4.1

givesthe
¦

valuesfor someexisting light sources:Theregion of operationgenerallyis
givenby

¦ ÿ B .
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Figure4.1: Requirementsto obtainminimumemittancefrom acenterbend(left) or from
anendbend(right)

Notethatemittanceis independantfrom thebendingradius,resp.themagneticfield,
but increasescubicallywith theangleperbendingmagnet.That’swhy light sourceshave
many cellswith relatively shortbendingmagnets.

For two basicsituationsasshown in fig. 4.1 theconstraintson betafunctionanddis-
persionfor obtaininglowestemittanceandtheminimumfactor

¦
werecalculated:( Centerbendingmagnet:The beamhasa focus ( Ï � ± 	 Ê q± 	 F � at the magnet

center, dispersionandbetafunctionaresymmetricin respectto thebendcenterand
the dispersionis nonzeroeverywhere. Then we get, with � 	 2 � the magnet
length: K � ±y	 >< Ý > X � Ê ±w	 >< ¤ 2 � l 	UT ¦�	�>

( End bendingmagnet:The beamentersthe bendingmagnetwith zerodispersion.
Thenwe geta constraintfor thedistance� = of thefocus(where Ï � 	?F

) from the
entranceedgeandfor thebetafunctionat thatfocus:

� =Í	 B �-� K � =Í	 ù BB�< F'� 	UT ¦�	 B
It is interestingto notethefollowing:( Zerodispersionin the centerof a bendingmagnetdoesnot provide theminimum

emittance.( A latticeconsistingof only centerbendswith dispersioneverywhereprovidesthe
lowestemittanceachievable,it is 3 timeslower thanin aDBA (doublebendachro-
mat) latticewhereeachcell is madefrom two endbendingmagnets.As a conse-
quencethe DBA lattice of ESRFstartingwith dispersionfree straightswas later
tunedinto adispersivemodein orderto reducetheemittancefurther[35]. SOLEIL
plansfor adispersivelatticeright from thebeginning[30]. Howeverthelocaleffec-
tive emittancerelevantfor thebrightnesshasto includetheprojectionof momentum
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spread
÷�V

to thehorizontaldimensionvia dispersionandis givenbyþ ��W }�¿ � ��� 	 Å þ l� ¸ , þ � ¸ K �YX � ÷ lV (4.19)( In TBA andhigherbendachromatstheendmagnetscontributemostto emittance,
consequentlythey shouldbemadeshorterby a factor ZÝ B in orderto compensate
for thefactor3 largervalueof

¦
[29].( FODOlatticesarenotsuitablefor light sourcessince

¦ ] >%FWF
.( As to beseenfrom table4.1ELETTRA almostoperatesat theminimumemittance

achievable for a DBA lattice with dispersionfree straightsections. MAX-2 and
ESRFalsoachieving low

¦
-valuestake into accountslightly dispersivestraights.

We will now investigatethe deviationsfrom idealemittanceconditions.We restrict
this considerationto a lattice with centerbendslike shown in fig.4.1 (left). Defining
dimensionlessparameters 7 	 K � ±K � ± W � µê¶ t 	 Ê ±Ê ± W � µê¶
with theindex � µê¶ denotingtheidealvaluesto obtaintheminimum

¦�	ú>
. Introducing7

and t into K aftersomealgebraleadsto theequationof anellipseX¤ � t # > � l , � 7 # ¦ � l 	�¦ l
shown in fig. 4.2. In orderto learnmoreaboutthecell providing a factor

¦
we impose

constraintson periodicity, i.e. Ï � 	 Ê�q 	ÛF
at the entranceandexit of cell. Due to

symmetryK � and Ê havesamevaluesatentranceandexit anyway. In theapproximation
of smalldeflectionangle� O <[
 >

thetransfermatrix
*

from centerto exit of thebending
magnetis givenby *ú	 Ø > � O < 2 � l O �F > � O < Ù
with the third columndescribingthedispersionproduction.Now let therestof thecell,
from bendexit to cell exit, bedescribedby a matrix Ñ from which we only know thatit
containsnootherbendingmagnetandthatit is symplecticof course,i.e. � Ñ�� 	�>

.
Startingfrom theopticalparametersdescribedby 7 and t in themagnetcenterweget

theconstrainton Ñ thatthematrix Ñ Ç * zeroesÏ � and Ê�q .
We areinterestedin thefull cell betatronphaseadvance\ andcalculateit fromÈ�É � \ 	

Trace Ø Ñ Ç * Ø > FF # > Ù � Ñ Ç * � 95& Ø > FF # > ÙxÙ
sincethefirst half of thecell is themirror imageof thesecondhalf. Finally aftersome

algebrawearriveat \ 	 <^]`_+Èbac] � Ø YÝ > X 7� t # B�� Ù
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Figure4.2: Ellipsesof constantratios
¦

of emittanceto minimumemittanceasafunction
of the deviation from idealdispersionand K � valuesfor obtainingminimum emittance.
Also shown arelinesindicatingthephaseadvancepercell [26].

This equationdescribeslinesof constant\ valuein the
� 7%@tr� planeintersectingat t =3,7 =0, asshown in fig.4.2[26].Reachingtheminimumemittancerequiresa phaseadvance

percell of 284.5
�
. Ideallatticesbasedonthosecellshavebeenstudied[15]: They require

“empty cells” alternatingwith the magnetcells in order to accomodatethe additional
focus for obtaininghigh phaseadvance. An exampleof a minimum emittancecell is
shown in fig.4.3.

Existing light sourcesoperateat \ < >Q�WF �
andaccepta larger emittanceof

¦ ]B�CDCEC@X , seetable4.1.
The vertical emittanceis producedby coupling and spuriousvertical dispersion

( � sec.6.4).

4.2.2 Emittance in colliders

Collidersneedlargeemittance,theupperlimit primarily givenby theaperturerestriction
from thebeampipe.In orderto accomodate£[d standarddeviationsin thebeampipeand
to obtaina momentumacceptanceat leastaslargeastheRF momentumacceptancethe
vacuumchamber6W� atany location � of thelatticehasto fulfill therequirement6W� � ��� R £[d Å þ � K � � ���î,ËÊ � ���feg]h � £[d ÷ RM)j<Z� ¹�= æ�æ � (4.20)
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Figure4.3: Minimum emittancecell: The10
�
gradientfreesectorbendingmagnetwith

optimumbetafunctionsanddispersionin thecenter( 7 = t =1) createstheminimumemit-
tance(Ex) of 1.5nm Ç radat 3 GeV. Thetuneadvance(Qx) of 0.7902correspondsto the
idealphaseadvanceof \ 	 BWY F � Ç���ìü� 	 < � ¤ C X � .



30 CHAPTER4. GLOBAL QUANTITIES

Thefactor2 with � ¹�= æ�æ takesinto accountthat themomentumacceptancehasto keep
particlesfrom thebeamcorescatteredin dispersiveregions( � sec.5.3).

A minimizationoverall latticelocationsgivestheupperlimit for theemittance.

4.3 Other lattice parameters

In the following we list constraintsanddependanciesfor otherlatticeparameterswhich
areusuallynot the primary target of latticedesign.They neverthelessrequirethorough
treatmentbecausethey needto beadjustedpreciselylike thetunesor they haveto bekept
within feasiblerangeslike theenergy lossperturn. Wewill begin with latticeparameters
commonto all rings andcontinuewith radiationrelatedparameterswhich areonly of
concernfor electron/positronrings.

4.3.1 Cir cumference i
For saving spaceandbuilding costsonewouldliketo makeacompactmachine.However
smallcircumferenceis not alwaysthebestneitherin latticeperformancenot in cost. In-
sertingsomespacemayrelaxtheoptics,improvetheacceptance,etc. It is alsoimportant
to take into accountfrom theverybeginningof latticedesignall kindsof spacesrequired
for magnetcoils,beampositionmonitors,correctormagnets,absorbers,pumps,flanges,
etc.

Thecircumferencealsomustbeanintegermultipleof theRF wavelengthï 	 { � ¹�= ,
with

{
called the harmonicnumber.

{
shouldhave a nice prime factordecomposition

allowing differentfilling patterns.
Circumferencesof existing machinesrangefrom 98 cm in RitsumeikanPSR[35] to

27km in LEP.

4.3.2 Periodicity jlk5mon
Periodicityis thenumberof identicalsupercellsmakingup thetotal lattice.High period-
icity hasfundamentaladvantages:( simplicity: mostopticscalculationsarebasedon thesimplesupercell( stability: few systematicresonances(seebelow), betterdynamicacceptance( costsaving: largerseriesof a few differentcomponents

Periodicityof existingmachinesrangesfrom 1 in DORISto 40 in APS[35].

4.3.3 Working point prq , prs : The tune diagram

The( ì � , ì � )-space,calledthetunediagramis coveredwith resonancesappearingaslines
describedby 6vì �Õ,ð7jì � 	 � . Theresonanceorderis givenby 6ü,�� 7W� . If � is aninteger
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Figure4.4: Tunediagramfor ideal(left) andreal(right) latticeof theSwissLight Source.
Solid lines aresystematic,dashednon-systematicanddottedskew resonances.Larger
thicknesscorrespondsthelowerorder. Resonancesupto 4tvu orderareshown. Thecurved
line is thetunewalk for relativemomentumdeviationsof

ow�xP
, onesegmentcorrespond-

ing to
F CVX P .Thebeamstability limit is determinedby reachingthehalf integerresonances<=ìü� 	 ¤ > , <Zì � 	�> G andamountsto

o XAC X P , well beyondtheRF-momentumacceptance
of ¤ P . For thereal lattice includingmultipolarandmisalignmenterrorsa breakdown in
acceptancearound # < P momentumdeviation wasobservedin trackingandis probably
dueto crossingthe ì �º,Ëì � 	 <56 sumresonance.

multipleof £ ! }�| theresonanceis systematic,i.e. amplifiedby thecell structure,elseit is
inhibitedby periodicity. Even 7 identifiesregular andandodd 7 skew resonances.The
magnetsin a flat lattice areall of regular type, seeeq.2.1. Thusneitherskew nor non-
systematicresonancesappearin theideal latice,but show up in thereal latticeincluding
multipolarandmisalignmenterrors( � ch.6).Figure4.4givesanexample.

Therearemany constraintsfor placingtheworkingpoint:( It mustnot beat integerto avoid closedorbit instabilitydueto dipoleerrors.( It mustnot beathalf integerto avoid beamblow updueto gradienterrors.( It mustnot beat a sumresonanceto avoid mutualamplificationof horizontaland
verticalbetatronoscillations.( It hasto stayaway from sextupoleresonances(seenext chapteronacceptances).( Collidersshouldusea tunecloseabove integeror half integersincethenthe tune
shift for givenspacechargeparameteris smallestandcollectivetwo-beaminstabil-
itiesarenotexcited[14].



32 CHAPTER4. GLOBAL QUANTITIES( Hadroncolliderstakemusttake into accountresonancesupto 12t { orderwhile 5t {
order is usuallysufficient for electronmachinesdueto radiationdamping. Con-
siderable“free spaces”in thetunediagramfor hadronmachinesareonly available
closeto themaindifferenceresonances[20].( Multiturn injection requiresa fractionaltuneof ÿ F CV< in theplaneof injection in
orderfor theinjectedsatelliteto cleartheseptumin theturn following injection.

Therearemoreconstraintson the working point from collective instabilities. Since
the beamalso spreadsout in the tune diagramdue to amplitudeand momentum(see
figure4.4) dependanttuneshiftsanddueto beambeamcollision, it is not easyto find a
goodlocationeventually.

Generallythefractionalpartof thetuneis moreimportantthantheinteger, but most
importantis the flexibility of the lattice to move the tunesindependentlyin the tunedi-
agram,sincethe bestworking point eventually is not found till operation.Thuslattice
designhasto ensurethisflexibility .

4.3.4 Chromaticities y q , y s
Chromaticityis the variationof tune with momentumdue to chromaticaberrationsof
thequadrupole,it is givenby eq.5.7andnaturallynegative. Strongquadrupolesat large
betafunctionscontributemostto chromaticity. Thuslight sourcesandcollidersbothsuf-
fer from large chromaticitydue to the strongfocusing,which in caseof light sources
is distributedalongthearcsandin caseof collidersis localizedat themini- K -insertion.
Chromaticityhasto becorrectedto zeroor positive valuesby meansof sextupoles.The
nonlinearfield of thesextupolescausesdynamicapertureproblemsto bediscussedin the
next chapter. Chromaticitycannotbeavoided,howeveronemaytry duringlatticedesign
to relax the opticsby carefullyadjustingspacesto producenot morechromaticitythan
inevitablewhile keepingthelatticeperformance.

4.3.5 Momentum compactionfactor z
Thedifferencein pathlengthtravelledby aparticleatgivenrelativemomentumdeviation� within onerevolutionof thereferenceparticleis givenby>

ï ���� 	 Ï # >Ð l with Ï 	�{Q| Ê � ���2 tr� (4.21)

with ï the machinecircumferenceand Ð the normalizedbeamenergy. Eq.4.21shows
two competingeffects:For particleswith highermomentumthepathlengthin themagnet
is longer( Ï ) thusit will bedelayed,but sinceit is fasterit will catchup. Themachineis
isochronous,i.e. all particlesneedthesametimefor oneturn,if Ð 	�> O Ý Ï 	~} Ð t ¹ , called
the transitionenergy. With Ï ] >DF 95& CDCDC >DF 9 p we get Ð t ¹ ] BÕCECDC+B F , which is

> C X¾CDCEC > X
MeV for electronsandBÕCECDC�B F GeVfor protons.Transitionthusisonly relevantfor proton
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synchrotrons,wherespecialmeasureshave to be takenwhencrossingtransitionenergy
duringtheramp[25].

Concerningthe latticedesignonewould like a largevalueof Ï in orderto raisethe
synchrotronfrequency andwith it thethresholdfor turbulentbunchlengtheningandother
instabilities,andalow valuefor increasingtheRFmomentumacceptanceor for obtaining
shortbunches.Thishasto bedecidedfrom caseto case.Howeverusuallythereareother
dominantdesigncriterialeaving for Ï not muchto choose.

Latticescanbemadeisochronousby usingnegative dispersionin the bendingmag-
nets. In this casethenext order Ï &3	 t l � O tv� l hasto bemanipulatedby meansof sex-
tupolesin orderto obtainlongitudinalstabilityagain.

*

We now cometo theradiationrelatedparameters.This concernsonly electronrings,
wheresynchrotronradiationleadsto an equilibrium distribution of the electronsin the
bunchwithin dampingtimesof a few milliseconds.The equilibriumvaluescanbe ad-
justedby thelatticedesign.Generallyradiationdampingis quitewelcomesinceit stabi-
lizesthebeamandmakestheelectronsforgettheirhistory, however thepowerconsump-
tion dueto radiationbecomesprohibitivefor electronenergiesbeyond ] 100GeV.

In hadronmachinesinsteadtheparticlemotionmaybedampedbyspecialinstallations
like anelectroncooler, transferingtheentropy from the hadronsto a dense,low-energy
electronbeam.

In the following we displaya collectionof formulae,mostly taken from Sands[49],
withoutderivationsonly in orderto illuminatethemutualdependanciesandimplications
on latticedesign.Sincewe dealonly with electronmachineswe setthe velocity to the
speedof light andmakenodistinctionbetweenmomentumandenergy.

4.3.6 Energy lossper tur n �
Theenergy lossperturn is givenby�

[keV]
	 <ZY)CVX � M [GeV] � p * [T] (4.22)

Smallmachineseitherusehighfield bendingmagnetsor installadditionalwigglerslikein
DA � NE [5] or VEPP-2M[24] in orderto increasetheradiationandgetshorterdamping
timesfrom eq.4.25.In compactlight sourceshighfield magnetsanywaymeetthedemand
for highercritical energy of theradiation,seeeq.4.6.

In contrarylargemachinesoperatewith low field magnetsin orderto keepthepower
consumptionwithin limits. Concerningbeamenergy LEP certainlyrepresentsthe high
endof electronrings: With a field of only 0.1 T makingup the large circumferenceof
27 km theelectronsandpositronsloose3 GeV perturn. With 2

¨
2.5mA beamcurrents

this leadsto aRFpowerconsumptionof 15MW [23]. In normalconductingcavitiesmost
of thepower is dissipatedin thecavity walls andit thusincreaseswith thesquareof the
RFvoltage

� |��
(whichhasto belargerthan

�
, seeeq.4.23).With superconductingcavities

thebeamloadingdominatesandthepower follows
�

linearly.
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4.3.7 Synchronousphase���
Like theclosedorbit in thetransversethelongitudinalfix point is givenwhenthebunch
is locatedat thesocalledsynchronousphase,wheretheRF voltageexactlycompensates
theradiationloss: �U��� � n 	�� O � ¹�= (4.23)

Everymomentumor phasedeviationresultsin synchrotronoscillationwhichreturnto the
synchronousphaseby radiationdamping.

4.3.8 RF Momentum acceptance������M�o�
TheRFmomentumacceptanceis theheightof thebucketatsynchronousphaseandgiven
by � ¹�= æ�æ 	 ù < � � |~�� M Ï ï � ÈEÉ`a � nî, � n # � O <Z� (4.24)

A low valueof the“longitudinaldriftspace”Ï ï increasesthemomentumacceptancefrom
thelatticeside.Everythingelseis subjectto RF-design.

4.3.9 Damping timesand partition numbers �1� , ���
Thedampingtimesdependon theenergy lossperturnandarein flat latticesgivenby�M� 	 < ï MT � Æ � . 	 �*)��F)j� with ÆS� 	�> #�� Æ-� 	ú> Ævn 	 <Õ, � (4.25)

wherethequantity � is givenby� 	 ><�� s �� "ý Ê � ��� � 7 &E� �:� l # <Z7@l � ���+�çtr� (4.26)

The integral is only to be taken over the bendingmagnetswhere 7 &��	 F
. If the bend-

ing magnetsalsouselarge gradientslike in somelow emittancelattice concepts[34],
thegradientshave to beadjustedcarefullyin orderto ensuredamping,in all dimensions:# <r< � < >

. In a separatefunction latticewith no gradientin thebends,� is propor-
tional to Ï andthussmall in mostlattices.Notethat ��Æ � 	 ¤ , i.e. thedampingmaybe
shiftedbetweenthedimensionsbut thesumis limited.

4.3.10 Energy spread �^�
Thermsrelativeenergy (or momentum)spreadis givenby÷ R 	 Y)C Y ¤ Ç >%F 9H� Ç Å * ² Ö¢» M ² � Q � » O Ævn (4.27)

Obviously lattice designcando little on manipulatingthe energy spreadassumingthat
beamenergy and bendingfield have beenalreadychosenfor other reason. This is a
problemfor Tau-charmfactoriesbecausethe Æ O`� resonanceat 3.1 GeV c.m. is only
87keV wide [42], but theabsoluteenergy spreadfrom eq.4.27wouldbe

÷ R M�] >
MeV.
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4.3.11 Bunch length �?�
Rmsbunchlengthis givenby ÷ n 	 ÷ R ù Ï ï<:� M � � ¹�= a�] � � n (4.28)

Again, like with the momentumacceptance,the RF-designhasmoreinfluencethanthe
latticedesignsincethelatticequantitiesÏ , M ,

�
, ï affecting

÷ n arealreadyassignedto
otherrequirements.

CollidersprefershortbunchessincetherequirementK � ÿ ÷ n hasto befulfilled. Light
sourcespreferlongerbunchesfor increasingthe Touscheklifetime. Unfortunatelyboth
machinetypesget theoppositeof what they want: Themomentumcompactionfactor Ï
from eq.4.21dependson theaveragedispersionin thebendingmagnets,which againis
relatedto theemittance(seebelow). Thuscolliderswith largeemittancegetlongbunches
andlight sourceswith low emittanceget shortbunches.A way out for light sourcesis
installationof ahigherharmoniccavity for bunchlengthening[54][31].
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Chapter 5

Acceptance

5.1 Acceptancedefinition

Closedorbit stability is not enough.The lattice hasto acceptparticleswith deviations
from the ideal orbit in all six coordinates� , ��� , � , �)� , � and ��� in order to provide
sufficientbeamlifetime andto allow multiturn injection.

We distinguishphysicalacceptances,determinedby the beampipe diameters,and
dynamicacceptances,definedby theonsetof chaoticor instablemotionandparticleloss
beyond somecritical amplitudedue to nonlinearresonances.Generallyacceptanceis
definedby the6-dimensionalphasespacevolumewhereparticlesarestable,i.e. where
they performboundedoscillations.In mostmachinesthecouplingbetweenthesubspaces
is not too strongsowe may separatehorizontal,verticalandlongitudinalacceptanceas
projectionsfrom 6D to 2D-spaces.

Thentheacceptancesareinvariantsof thelatticelike theCourant-Snyderinvariantin
caseof linearuncoupledbetatronmotion. Local projectionsof thetransverseacceptance
to realspace�%����F� give thedynamicapertures,which arenot invariants.Thetransverse
acceptanceis usuallymeasuredin mmÇmrad,theaperturein mm. Notethatdynamicaper-
tureplots like fig. 5.7aspresentedfrequentlyfor characterizationof latticeperformance
have little meaningif thelocalbetafunctionis notmentioned.

It is unusualto mentionthe2D longitudinalacceptanceof theRF bucket, insteadits
projectionto theaxisof relativemomentumdeviation � , calledRFmomentumacceptance,
is quoted.

Determinationof dynamicacceptanceis not trivial, sincethe equationsof motion
arenonlinearandthusnot integrableusually. Stability of motion hasto be proven by
simulation,i.e. probingpoints in 6D-spaceon stability by tracking. A testparticle is
consideredto be stableif it survivesthe tracking, i.e. its amplitudesstaywithin some
limits. Of coursethisdependsonthenumberof turnsto betracked.Electronsfortunately
”forget” their historydueto radiationdamping,thustrackingonedampingtime usually
is enough(

>%F p CDCDC >%F � turns). With protonsmany moreturnsneedto betracked( ÿ >%F5�
).

Howeverduringprimal latticedesign,evenshorttermtracking( ] 100turns)is sufficient
to test the lattice acceptance,at leastto rejectbaddesigns,sinceof coursethe results

37
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becomeonly worsewith moreturns.
It is ageneralcriterionfor latticeperformance,thatthepuredynamicacceptance,i.e.

thephasespaceseparatrixcalculatedexcluding thecut off beyondbeampipe,shouldbe
larger than the physicalacceptance.To achieve this requiresa lot of effort in modern
latticessufferingfrom largenonlineardistortionsof thedynamicsdueto strongsextupole
magnetsneededfor correctionof the large chromaticities.Puretrial anderror will not
succeed,astrategy for deliberateoptimizationof acceptanceis required.

5.2 Physicalacceptance

An initial lattice designcomposedfrom ideal quadrupolesandbendingmagnetshasa
purelylineardynamicsandthedynamicacceptanceis thusinfinitely wide. (Actually this
is not exactly true, sincethe equationsof motionshadbeenderived assumingparaxial
motion,i.e. ”small” deviationsfrom theclosedorbit, like ��
 2

.)
A particlehowever will belost if � � � ���%� R 6W� � ��� where 6W� � ��� is thehalf width of the

vacuumchamber. Thelinearbetatronmotion � � ��� of a particleis givenby eq.3.1.Since
we considermany turnswe drop thebetatronphaseandfind thephysicalacceptanceas
themaximumpossiblebetatronamplitude,̄

	 <rÆ1  Ò � , by identifying � � ��� with its limit6W� � ��� andtakingtheminimumfrom all locationsin thelattice:

¯¢� 	 e �~� Ø � 6W� � ��� # � Ê � ���ÌÇ%�5� � lK � � ��� Ù (5.1)

Since ¯¥� is an invariantof the linearbetatronmotionwe get the local projectionof the
acceptance,i.e. theminimumandmaximum� -valuesthattheparticleis justnot lost from
eq.3.1: � � ��� 	�o�Å ¯¥�¢Ç K � � ���î,8Ê � ���ÌÇ%� (5.2)

5.3 Momentum acceptance

Momentumandphaseacceptanceasprovided by the RF bucket heightand lengthcan
beconsideredlike longitudinalphysicalacceptances,althoughthey aredynamicactually,
becausethey are usually constantalong the lattice and decoupledfrom the transverse
dynamics.

But momentumacceptanceis alsorestrictedby the transverseacceptanceof the lat-
tice: From eq. 5.1 we also seethat ¯¢� disappearsfor momentumdeviations �ê�5�Áÿe ��� � 6W� � �:� O �êÊ � ����� , i.e. whentheclosedorbit hits thevacuumchamber.

Momentumacceptanceof thelatticeis relevantfor thebeamlife time,usuallydeter-
minedby scatteringevents,eitherwithin thebunch(Touschekeffect) or with a colliding
bunch(beambeambremsstrahlung)or with residualgasatomsor by emissionof syn-
chrotronradiationquanta. Theseeventscausea suddenchangein particlemomentum
while leaving the transversecoordinatesalmostconstant.After the scatteringevent the
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particlevectoris givenby
� ] F  ] F  ] F  ] F ��� F � sincetheBscatteredparticlescome

from thebeamcorewherethetransversecoordinatesareverysmall.Now theparticlewill
starta betatronoscillationrelative to the dispersive closedorbit. For a linear lattice the
amplitudeof thisoscillationis givenby¯¥� 	 Ðv� ¸%� Ê ¸ �Z� l ,ð< Ï � ¸%� Ê ¸ �Z� � Ê q¸ �=�î, K � ¸D� Ê q¸ �=� l 	 K ¸ � l (5.3)

with Ï � ¸  K � ¸ +Ðv� ¸ thetwissparamtersat location“0” wherethescatteringeventocurred,Ê ¸ @Ê q¸ thedispersionandits slopeand K ¸ thelatticeinvariantfrom eq.4.16.
Theparticleswill performoscillationsaccordingto eq.3.1 resultingat anotherloca-

tion � in themaximumexcursion� � ��� 	�Å ¯¢� K � � �:�î,8Ê � ���ç� 	 2 Å K ¸ K � � ���î,8Ê � ��� 4 Ç�� (5.4)

Like in derivation of eq. 5.1 we identify � with 6W� as loss criterion and get the local
momentumacceptancefor location“0” as

�  æGæE� � ¸ � 	�o e ��� ÚÜ 6W� � ���Å K ¸ K � � ���î,��êÊ � �:�%� àâ (5.5)

Thusthemomentumacceptanceprovidedby thelatticevariesfor differentlocationsand
is theminor of thevaluesfrom eq.5.5andtheRF momentumacceptancewhichdoesnot
varyalongthelattice.

Fromeq.5.5maybeeasilyshown thatthelatticemomentumacceptanceat locationof
maximumdispersionis approximatelyhalf of it in adispersionfreeregion.

Beamlifetime calculationsfinally have to integratescatteringratesandmomentum
acceptancesover thelattice[53].

5.4 Chromaticity correction

Dynamicacceptanceof a linearlatticeis identicalto thephysicaloneandthemomentum
acceptanceis determinedby lineardispersionor by theRF bucket size. But this picture
is spoiledcompletelyby thechromaticity:Dueto chromaticaberrationsof the focusing
elementsthemachinetunebecomesa linear, falling functionof momentum� . Thechro-
maticity

8 	 tvì O tv� is a negative numberwhich may be ratherlarge if the lattice has
strongfocusingelementslike it is thecasein high brightnesslight sourcesaswell asin
high luminosityparticlefactories.

Largenegativechromaticitymustnotbetoleratedfor two reasons:( Themachinetunehasto stayaway from integeror half integernumbersotherwise
field or gradienterrorswill amplify coherentlyanddestroy the beam( � sec.6.2).
Thuseven in the optimumcaseof frac(ì )=0.25the momentumacceptanceis re-
strictedto �ê�5�¡< > O � ¤ 8 � which givesan unacceptablesmall numberfor mostma-
chines.



40 CHAPTER5. ACCEPTANCE( Negative chromaticityexcitesthe fundamentalmodeof the headtail instability, a
collective oscillationof electronsin headandtail of thebunchleadingto very fast
beamloss.Suppressionof thefundamentalmoderequiresnonnegativechromatic-
ity [11].

Sextupolesin dispersiveregionsof thelatticeareusedtocompensatethechromaticity:
From eq.2.6we get the chromatickick error for a particlewith momentumdeviation �
traversingaquadrupoleof integratedstrength7@lj��P� q 	 7@lj�®�%� �I� q 	 # 7@lj�x�:�
In a dispersive region, where � V 	 Ê � ,í� , � V 	 � thekick providedby a sextupoleis
givenby (keepingup to secondordersin productsof � , � and � )�P� q 	 # ² <Z7@pj�xÊ � » � # 7@pj� � Ê �=� l # 7@pj� � � l # � l ��I�vq 	 ² <=7jp��®Ê©� » �ü,ð<=7jp��®Ê��z� (5.6)

Obviously the termsin squarebracketsact like a quadrupoleandthusmay compensate
thechromaticerrorsfrom thequadrupolesif sextupolestrengthanddispersionareprop-
erly chosen.Neglectingcontributionsfrom bendingmagnetsthechromaticityasis given
by [48, 12]8 � 	 >¤ � {Q| � <=7jp � ���UÊ � �:� # 7@l � ���U� K � � ���vtr�

8 � 	 >¤ � {Q| � # <Z7@p � �:�çÊ � ���v, 7@l � �:�U� K � � ����tr�
(5.7)

Lookingateq.5.6wenoticethatthereareothertermsthanthedesiredones,andin fact
thesetermscauseseriousproblemsandleadto thelargesubjectof dynamic acceptance:
With theintroductionof sextupolestheequationsof motionbecomenonlinearandusually
cannot beintegratedany longer. In [4] thiseffect is aptly referredto as“openingof Pan-
dora’sbox”: Fromherewecanonly proceedby perturbationtheory, derivenew quantities
thatwe optimizeby introducingthesextupolesin a clever way, but nevertheless,beyond
sometransverseamplitudethemotionwill becomeunstablethusdefiningfinite dynamic
acceptances.It will bethegoalof thelatticedesignto createadynamicacceptancelarger
thanthephysicalacceptance.

5.5 The sextupoleHamiltonian

Dynamicacceptanceoptimizationwill attackthesextupoleHamiltonianby suppressing
somecomponentsandadjustingothersfor compensationof chromaticquadrupoleerrors.
In thescopeof practicallatticedesignwe will not presentthederivationof therequired
quantitiesbut just quotethe resultsfrom ref. [4]: The sextupolesaretreatedaspertur-
bationof the linearHamiltonian.Linear independanttermsof differentfrequencies,i.e.
differentmultiplesof betatronphases,arecollectedandtreatedseparately. Integrations
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overthefieldsarereplacedby sumsover integratedstrengthesundertheassumptionsthat
the magnetsareshortand the variationof beamparametersinsidethe magnetsis neg-
ligible. In contraryto many authorsno Fourier transformationfor obtainingparticular
resonancedrivetermsis done,but thewholeHamiltonianassourceof all resonancedrive
termsis suppressedright from thebeginning. Thesingleresonanceapproachis suitable
for latticeswhereoneor a few resonancesdeterminethedynamicsandhasbeenwidely
andsuccessfullyapplied[59, 1, 40,46], however in constrainedmodernlatticeswith low
periodicityandstrongsextupolesmany resonancescontributeto dynamicaperturedegra-
dation.

Thecomponentsof thefirst order(in sextupolestrength!)Hamiltonianaregivenby [4]{H¢o£c¤  �¥ Ã �J¦ �!§!��#� � 7@pjuG� � K^¨Y©�ª�� � K¬« ©�� �¯® ¥ � Q �±° b ¢ 9 £ c é ��² $ b ¤ 9   c é  ²�³# ô �J¦�´¶µ å¸·� � 7jljuG� � K ¨�©`ª�� � K¬« ©�� � Q �v° b ¢ 9 £ c é ��² $ b ¤ 9   c é  ² ³ õ ¥`¹e�f (5.8)

Thereare4 chromaticterms,with alsothequadrupolescontributing:( { &�& f�f & and
{ f�f &�&�& arejust thechromaticities,compareto eq.5.7: Quadrupolesand

sextupolescontributeadditive,independantof thebetatronphase.( { l�f�f�f & and
{ f�f�l�f & driveoff-momentum<Zì � , <Zìü� resonancesandcausebetafunction

beatst K O tv� and < ��º orderchromaticityasshown in [4]

Thereare5 purelygeometricterms:( { l & f�f�f and
{ & f &�& f drive integerresonancesof type ìü� .( { p�f�f�f�f drives B ¹�º integerresonancesBZìü� .( { & f�l�f�f and
{ & f�f�l�f drivecouplingresonancesì � o <=ìü� .

It is instructive to draw vectordiagramsasshown in figure5.5 (upperright) with the
contribution from everysextupole(andquadrupole)asa vector, thelengthgivenby local
betafunctionsanddispersionandthemagnetintegratedstrength,andtheanglegivenby
thecombinationof betatronphasesaccordingto theresonancefamily considered.

Lookingat thesevectordiagramswe mayguessthatappropriatedistributionsof sex-
tupolesaroundthe lattice could be found, whereall first order termsof the sextupole
Hamiltoniandisappear. In orderto find thesepatterswe maywrite eq.5.8 aslinearsys-
tem: With the £3n1R1� t sextupolesgroupedinto ³ families £ & CDCDC+£¼» (a magnetfamily is a
commoncircuit, i.e. all membershavethesamestrength)wemaywrite the9 equationsas
aproductof a 6 ¨ ³ matrixof beamparameterswith the ³ -vectorof sextupolestrengthes,
becausethefirst orderHamiltonianis linearin sextupolestrength.The9-dimensionalvec-
tor on theright sideis eitherzerofor thegeometrictermsof containsthesumsover the
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quadrupolecontributions.Thematrix elementsin column � aresumsover all sextupoles
belongingto thefamily � ( � 	ú> CDCDC+³ ):ÚÜ 4�`½ ¦ � � 7@p@uG� � K ¨Y©�ª�� � K¬« ©�� �¯® ¥� Q �±° b ¢ 9 £ c é ��² $ b ¤ 9   c é  ²Q³ àâ¿¾MÀ »¨ �+� 7@pju1�çn+� » À & 	 ÚÜ ¦ ´¶µ å¸·4 � � 7@lju1� � CDCDC àâÁ¾MÀ &

(5.9)
Looking at a symmetrypoint of the latticewhereall imaginarytermscancel,we see

that 9 independantsextupoleallow us to solve the systemand suppressthe sextupole
Hamiltonianin first ordercompletely. In reality however we have to faceseveralprob-
lems:

1. The linear systemhasthe tendency to degenerate,the rank dropsto 8 or 7 and
no solutioncanbe found,or thesolutionreturnsunacceptablevaluesof sextupole
strength.In particularthis is thecasefor high brightnesslight sources,wherethe
phaseadvancepercell is closeto

>Q�WF �
for reasonsof low emittance( � figure4.2).

In thiscase
{ l�f�f�f & becomesproportionalto

{ &�& f�f & , thechromaticityitself, thelattice
will suffer from very low momentumacceptancedueto < ��º orderchromaticityand
nosextupolepatternexiststo curethis.

2. Thecancellationof sextupolesworkson summationover severalinterleavedfami-
liesof sextupoles.Howeverlocally in thelattice,betweensextupoles,nonlineardis-
tortionsof betatronmotionmayappearandcausehigherordersextupolareffects,
correspondingto a crosstalkbetweenthe sextupoles. The Hamiltoniancontains
another13 termsof secondorderin sextupolestrength,asderivedin [4]:( 3 termsarethelineartuneshiftswith amplitude:a ì � O a ÆW� , a ì � O a ÆW� 	 a ì � O a ÆW� and

a ìü� O a ÆW�( 8 termsareoctupolelike and thusdrive differentmodesof octupolarreso-
nances:¤ ìü� , <Zì � o <=ìü� , ¤ ì � , <=ìü� , <Zìü�( 2 termsgeneratethe < ��º orderchromaticities:

a l ì � O a � l and
a l ìü� O a � l

3. All termsareobtainedfrom perturbationtheory, howeverdependingonthestrength
of thenonlinearitiesin thelatticethedesireddynamicaperturelimitation maybeat
amplitudesbeyondthevalidity of perturbationtheory. Thusit is never possibleto
guarenteethatagoodsextupolepatternin factwill provide largedynamicaperture.
A bit of luck is alwaysrequiredof course,however in thenext sectionwewill plan
ourstrategy.

5.6 Optimization of sextupolepatterns

Wewill establishsomeguidelinesonhow to placethesextupoles:
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5.6.1 Chromaticity correction

For chromaticitycorrectionalonewe need2 familiesof sextupolesin regionsof large
dispersion.As obviousfrom eq.5.7 thesextupolesfor horizontalcorrectionshouldbeat
locationswerethe horizontalbetais large andthe vertical betais small, andvice versa
for theverticalcorrection,otherwisethe2 familieswouldactagainsteachotherandpush
up thesextupolestrength.It is essentialto placethechromaticitysextupolesdeliberately
in orderto keeptheir strengthlow andwith it all termsof theHamiltonian.In a relaxed
latticewith low chromaticitylikeaboostersynchrotronprobablycouldhave,thedynamic
aperturemightalreadybegoodenoughwith 2 familiesandwearedone.

5.6.2 Sextupolesin quadrupoles

Looking at eq. 5.8 we may guessthat the bestplacesfor sextupolesareat exactly the
samelocation like the quadrupoles,eitherby building hybrid magnetsor by mounting
themvery closeto eachother. Thenall chromaticmodesarecorrectedexactly where
they arecreated.Additional small sextupolescouldhelp to cancelthegeometricmodes
too. However thestrengthesof themultipoleswould becorrelatedby 7@p 	 7@l O Ê where
thedispersionÊ of courseis a globalfunctionof thelatticeandaffectedby all magnets.
Thus a lattice of this type would have only one modeof operationand no flexibility .
Furthermorethepurposesof themachinesusuallyrequiredispersionfreesectionswhere
neverthelesschromaticityis createdtoo. For exampletheinteractionregion of a collider
is equippedwith strongquadrupolesoperatingat large betafunctions(mini- K -insertion)
thuscreatingthemajorpartof themachineschromaticitywhichhasto betransportedinto
thearcsandcorrectedthere.

5.6.3 Non-interleavedsextupoles

Anotherelegantway to suppressthe sextupoleHamiltonianeven in higherorderis the
useof non-interleaved sextupoles[37] like successfullyappliedto the KEK B-factory:
Chromaticitycorrectionis donewith pairs of sextupolesapart0.5 in tune (or

>Q�WF �
in

betatronphase),thesocalled“ # À -transformer”.Thenthekicks from thesextupoleson
on-momentumparticlescancelexactly. Sincetherearenosextupolesfrom otherfamilies
betweenthe two sextupolepairsall nonlineardistortionis hiddenandno crosstalkand
higherordereffectscanbegenerated.Thedrawbackof thissolutionis, thatit needsmuch
space,i.e. increasesthering circumferenceandthatthechromatic<Zìü� modeis amplified
coherentlyleadingto reductionof momentumacceptance.Thusit is not applicableto all
machines.

5.6.4 Multicell cancellation

If therearelargearcsin the latticeconsistingof somenumber£ of identicalcellswith
tune advances��ì � , ��ìü� per cell, the sextupolevectorsas shown in figures5.5 will
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Figure5.1: Triple BendAchromatof theSwissLight Source(two of 12TBAs shown)

cancelto zerofor all modesof theHamiltonianif all products£ ��ì � , BW£Â��ìü� , <Z£ ��ì � ,<=£ ��ìü� areintegers.
Example:Thecell of a light sourcemayhave tuneadvancesof ��ì � 	 F C ¤ in order

to get low emittanceand ��ìü� 	 F C > . If thereare5 cells per arc all productsbecome
integersandwe mayhopefor gooddynamicacceptances.However if we pushthe tune
advanceper cell further to ��ìü� 	°F C ¤ X to get even lower emittance,the cancellation
breaksdown, in particularfor the <Z£Â��ìü� amountingto a half integernow andwe have
to expectproblemswith transverseandmomentumacceptance.

5.6.5 Cancellationbetweensections

If thereareno multicell arcswe still mayplay sectionsof the latticeagainsteachother.
Insteadof usingpairsof sextupoleshalf integerapartwe mayusea wholelatticesection
andits mirror image.

Example:TheSwissLight Source(SLS)latticeconsistsof 12 TBAs alternatingwith
dispersionfreestraightsectionsfor theexperiments[51], seefigure5.1.

An horizontaltuneadvanceof about ��ì � 	 > C G X 	 GWO=¤ per TBA was found to
provide low emittanceandconvenientbeamparametersin thestraights.Theverticaltune
wasset to about ��ì � 	
F C G X 	 B O:¤ . Thusthe <=ìü� and <Zìü� modescancelbetween
two TBAs andthe ìü� and BWìü� modescancelbetweentwo TBA pairs. Of coursethe
lattice mustnot have integer total tunes,furthermore,the TBAs arenot identical,since
thestraightsareof differentlength,sosometrial anderrorwasrequiredto find asolution
neartheidealcancellationconditionsat ��ì � 	�> C G B�X and ��ì � 	�F C Y16 eventually.

5.6.6 Implications on linear lattice design

FromtheconsiderationsonminimizingthesextupoleHamiltonianweobtainanessential
guidelinefor latticedesign:
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For latticeswith large chromaticites(high brightnesslight sources,high luminosity
particle factories)linear andnonlinearlattice designarenot decoupled. Onemustnot
proceedby designingthebendingmagnetandquadrupolearrangementfirst andaddthe
sextupoleslater. Insteadfrom theearlyplanningof thelatticethesextupolepatternhasto
betakeninto account.

5.6.7 Designtool

An automateddesigntool is requiredto minimizethesextupoleHamiltonianfor a given
lattice. The tool shouldinclude1st order termsandfrom the 2nd order termsat least
theamplitudedependanttuneshifts. Thesquaresumof all termswith weight factorsas
chosenby trial anderror formsa penaltyfunctionfor theminimizer. The“knobs” to be
adjustedby theminimizerarethesextupolestrengthesof course.[38]

Generallyoneshouldnot try to correctsecondordertermson expenseof first order
termssincethesecondordersaregeneratedby crosstalkbetweenfirst orderterms.Only
theamplitudedependanttuneshiftsareanexceptionto someamountsincethey mayreact
verysensitive. In contrarythesecondorderchromaticitiesaremostlyrather“stif f ”.

Minimizationcanberathertimeconsumingin particularwhensecondordertermsare
involved. Sincethey aredoublesumsthe numberof summationsgoeswith the square
of the numberof sextupolesin the lattice whereasthe first ordersgo only linear. For
calculationof secondorderchromaticitesnumericaldifferentiationof theoff-momentum
closedorbit performssuperiorto theevaluationof theanalyticexpressions[4].

Eventuallytrackingdeterminesthedynamicacceptanceandproveswhethertheopti-
mizationwassuccessful.

5.7 Other sourcesof dynamic acceptancedegradation

Sextupolesareusuallythedominantsourceof nonlinearity. Their patternsareoptimized
basedontheideallattice.In realityalignmentandmagnetmultipolarerrorsalsointroduce
nonlinearitiesandthusattackthe dynamicaperture.This will be discussedin the next
chapter.

In colliders of coursethe beambeameffect actsas an extremely strongnonlinear
element,but this is a largesubjecton its own.

5.8 Example

5.8.1 ESRFDBA lattice

As an examplewe consideran early opticsmodeof the ESRFlattice asshown in fig-
ure5.2: It consistsof 32 DBAs tunedfor low emittanceandalternatingstraightsections
with highandlow betaoptics,theperiodicitythusis 16. OnesextupolenamedSFfor cor-
rectionof horizontalchromaticityis placedatoptimumlocationin theDBA centrewhere
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Dispersion
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Figure5.2: DoubleBendAchromatof theEuropeanSynchrotronRadiationFacility in an
earlyopticsmode

dispersionand K � arelarge and K � is small. Two sextupolesSD for vertical correction
hadto beplacedat lessconvenientlocationswith lowerdispersionbecausethedispersion
alwaysfollows K � . In thestraightsectionsarefour auxiliary sextupolefamiliesS1-4for
cancellationof geometricterms.

5.8.2 Linear lattice

If all sextupolesare switchedoff, there are only chromatic terms generatedby the
quadrupolesin theHamiltonianasshown in figure5.3.Thegeometrictermsarezeroand
thetransversedynamicacceptancesareunlimited.Howeverthemomentumacceptanceis
lessthan

oüF CVX P in � sincethe ìü� movestowardsintegerdueto thelargechromaticityas
shown in fig. 5.4.Futhermorethehead-tailinstabilitywouldnotallow to storeabeam.

5.8.3 Chromaticity correction

If the two sextupole familiesSF and SD areset for zerochromaticitywe only cancel
the

{ &�& f�f & and
{ f�f &�&�& termsandblow up all the others,seefigure 5.5. As we seefrom

figure5.6closedorbitsshouldexist within
o <AC X P of � , theinterval beinglimited by < �Âº

orderchromaticity. But thehorizontaldynamicapertureasshown in fig 5.7becamevery
smallandwouldnotallow injection.



5.8. EXAMPLE 47

Figure5.3: SextupoleHamiltonian:All sextupolesswitchedoff. First (top) andsecond
(bottom)ordertermsof thesextupoleHamiltonian.Numbersrefer to thevaluesof <rÆW� ,<vÆW� and � denotedin theupperleft andmultiplied by a factor

>%F5�
to gethandynumbers.

Lower right shows a control panelfor the sextupolestrengthes.Only the quadrupoles
contributeto thechromaticterms.

5.8.4 First order optimization

Figure5.8showsthesextupoleHamiltonianafterminimizingthe9 first ordertermsfrom
eq.5.8by adjustingthefour auxiliary families.Theimprovementin dynamicapertureis
spectacularasseenfrom figure5.10.Also theinterval of closedorbit existenceimproved
to almost

o X P asseenfrom figure 5.9 becausethe secondordertermsto someextent
follow thefirst ordertermssincethey areproducedby crosstalksbetweenthem.

5.8.5 Secondorder optimization

Minimizing some < ��º orderterms,in particularthe amplitudedependanttuneshifts,on
expenseof the first ordersasshown in figure 5.11 gainssomemoredynamicaperture
asshown in figure5.13but not muchin momentumacceptance,seefigure5.12. It can
beseenthatevenhigherordersof chromaticitybecomedominantnow. SinceESRFhas
a large periodicity of 16 it was possibleto obtain comparableresultsbasedon single
resonancedecomposition[46].
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Figure5.4: Tune vs. momentum:All sextupolesswitchedoff. Without chromaticity
correction,the horizontaltuneshifts towardsan integer for small momentumdeviation
already.

Figure5.5: SextupoleHamiltonian:Only chromaticsextupolesSF, SD switchedon. The
upperright presentsthevectordiagramfor theintegerdriving term

{ l & f�f�f . Poweringonly
thechromaticfamiliescorrectsthechromaticitybut excitesall thegeometricmodes.
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Figure5.6: Tunevs. momentum:Only chromaticsextupolesSF, SD switchedon. The
linearchromaticityhasbeencorrectedto zero,i.e thecurve of tunevs. momentumhas
no slopeat � 	�F

. Theclosedorbit reachesintegerat muchlargermomentumdeviations
now dueto secondorderchromaticity.

Figure5.7: Dynamicaperture:Only chromaticsextupoles.Thehorizontaldynamicaper-
turedoesnot reachat all thephysicalaperture.Theframingrectanglecorrespondsto the
double sizedbeampipetransformedto thetrackpointaccordingto eq.5.1.
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Figure5.8: SextupoleHamiltonian: First orderoptimization. A minimizationof the 5
first ordergeometrictermswasdone,keepingthe chromaticitiesat zeroandneglecting
the <Zìü� , <Zì � modessincethey arenotaccessibleby thefamiliesS1–S4anyway(because
they sit at dispersionfreelocations),which werethe“knobs” for theminimizer. Now the
vectordiagramvectordiagramfor theintegerdriving term

{ l & f�f�f hascollapsed.Also note
how thesecondordertermsdecreasedalthoughthey werenotcontrolledby theminimizer.

Figure5.9: Tunevs. momentum:Firstorderoptimization.Dueto decreaseof thesecond
orderchromaticityduringtheminimizationprocessthemargin for theclosedorbit to stay
away from anintegerhasincreasedsubstantially.
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Figure5.10: Dynamicaperture:First orderoptimization. Comparedto figure 5.7 the
improvementis significant: Now the horizontaldynamicapertureexceedsthe physical
aperture.The framingrectanglecorrespondsto transformationof thedouble beampipe
sizeaccordingto eq.5.1.

Figure5.11: SextupoleHamiltonian:Secondorderoptimization.Also secondorderhad
beenincludedin theminimization.Largeweightshadbeensetto theamplitudedependant
tunetermsandto thesecondorderchromaticity. All secondordersarereduced,however
partially on the expenseof the first orders. Sincethereareonly 4 degreesof freedom
(6 sextupole famlies,but 2 fixed by the demandfor exact chromaticityvalues)trying
differentweight factorsselectssometermsof the Hamiltonianto be suppressedon the
expenseof others.Distributedweightsleadto acompromisesolutionwith thestrengthes
of theadditionalsextupolesrelaxed.
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Figure5.12: Tunevs. momentum:Secondorderoptimization.Little haschangedcom-
paredto figure5.9. Therewasslight increaseof the margin for the closedorbit to stay
away from anintegerby settingthehorizontalchromaticityto

8 � 	 ,üX in orderto “fold”
thecurve ì � � �=� into theinterval.

Figure5.13: Dynamicaperture:Secondorderoptimization. The dynamicaperturehas
improvedagaincomparedto figure5.10,however in anasymmetricwaysincetheinteger
termcameupagain,seefigure5.11.Theframingrectanglecorrespondsto transformation
of thedouble beampipesizeaccordingto eq.5.1.



Chapter 6

Lattice errors

6.1 Err or sources

All latticedesignwork up to now wasbasedon theideal lattice. Eventuallythefinal de-
signphaseteststherobustnessof latticeperformanceanddevelopescuresagainstvarious
errorsourcesrelatedto theimperfectionof reality:

Alignment errorscausetranslationsandrotationsof magnets.The namingderived
from nauticaltermsis sway, heaveandsurgefor horizontal,verticalandlongitudinaldis-
placementsandpitch, yaw androll for correspondingrotations. Sway ( �I� ) andheave
( �I� ) applykicks to thebeambecausetransversedisplacementsof all magnetsprovide a
dipoledownfeedandthusgeneratethecloseorbit distortion. Quadrupolerolls andsex-
tupoleheavespresentskew quadrupolefieldsandthusleadto linearcoupling.Dipolerolls
alsoexcite verticalorbit distortions.Surge,pitch andyaw errorsareusuallynegligible.
Misalignmentsarerandomlydistributedandstatic,but they may be partially correlated
if magnetgroupsaremountedon girders,or they canbefully correlatedanddynamicif
causedby groundvibrations.

Multipolar errorsin magnetsexcite higherorderresonancesandthusattackthe dy-
namicaperturebut donotdistorttheorbit. Sometypesof multipolarerrorsaresystematic
deviationsfrom theidealfields,othersarerandomdeviationsdifferentfor eachindividual
magnet.

Randomerrorsof coursedo not follow the lattice periodicity and thus excite non
systematicresonancesthathadbeenexcludedfor theideallatticeby symmetry. Coupling
andhigherorderskew multipoleerrorsalsoexcite skew resonances.The tunediagram
becomesadensewebof resonancelinesnow. If theideallattice’sworkingpointhadbeen
setnearaskew or non-systematicresonanceunfortunately, abadsurprisemaycomeup.

Finally dynamicacceptancetrackingstudiesonthereallatticeleadto tolerancelimits
for the mechanicalengineeringandfor the magnetmultipole contents.In modernma-
chinestheorderof magnitudesarerathersmall, < F C > mmfor thealignmentsand < >%F 9 p
for the multipole componentsin the magnets(expressedasrelative field componentat
poletip). Neverthelesscarefulclosedorbit correctionor evencorrectionof thecoupling
by meansof skew quadrupolesis still mandatory.

53
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Figure6.1: At largebetafunction,i.e. flat phasespaceellipse,(left) thebeamis moresen-
sitive to a transversekick thanat low betafunction(right). Thedottedelllipseis required
to acceptthekickedbeam.

6.2 Closedorbit distortions

For theideallatticetheclosedorbit is everywherezerofor � 	§F
andgivenby Ê � ���U� for� �	§F

. In thereallatticetransversekickscausedby dipoleerrors,�P�5q 	§� � * �Etr� O �1*H2 �
excite a nonzeroclosedorbit. If the kicks aretoo strongit may happenthat no closed
orbit exists.

6.2.1 Dipolar errors

The integratedkicks from a quadrupolewith transversedisplacements�P� and �I� are
givenfrom eq.2.6: �P� q 	 # 7jlj�ÄÇ%�P� ��� q 	 7@lj� Ç��I� (6.1)

Thekicks from asextupolearegivenby�P� q 	 # 7@pj�ÄÇ � �I� l # �I� l � �I� q 	 <Z7@pj�ÄÇ��P���I� (6.2)

A sextupolethusgeneratescouplingbetweenthetransverseplaneswhereasaquadrupole
doesnot.

A singlekick �P�5q� at location � � will createaclosedorbit oscillationgivenby1

� æ � � ��� 	 Å K � � ��� K � �< �+�~� � ��ìü��� �P� q� ÈEÉ � � �z� � ��� # �z� � # ��ìü��� (6.3)

with K , � beta function and betatronphaseand ì the machinetune. As we seethe
tune hasto stay away from integer otherwisethe closedorbit oscillationwill become
very large. We furtherseethat a kick at locationof largebetafunctionis mostharmful.
Thisis obviousfrom viewing figure6.1andhasimplicationsongirderdesign(seebelow).

1Eq.6.3is convenientlyderivedby usingthecircletransformationeq.3.3.A nicegeometricexplanation
is givenin ref. [58].
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6.2.2 Amplification factors

Sincetherearemany kicks from all magnetmisalignments,eq.6.3hasto bereplacedby
a sumover all È latticeelements(assumedto be “thin”). Theorbit distortionat lattice
elementÉ is thusgivenbyÊÌËÁÍ Î Ï�Ð ËÑCÒÔÓÖÕ%×¶Ø%Ù¼Ú�ÛÜÝvÞàßFá Ï�Ð Ý!â Ê�ãÝäÂå Ò×�æ Ð Ëèç æ Ð Ý ç Ø*Ù[Ú

(6.4)

Themisalignmentsarenot known initially thusin modellingthey will besetto ran-
dom numbers,perhapswith somesystematicoffset if therearemechanicalcorrelations
betweenmagnets.The error distribution is Gaussianwith the standarddeviation corre-
spondingto theestimatedprecisionof alignmentbut cut off beyonda thresholdthatcan
certainlybemeasured.Theorbit is not observedeverywherebut only on thebeamposi-
tion monitors(BPM, seebelow). Theratio of rmsclosedorbit deviation at BPMsto rms
misalignmentsis calledtheclosedorbit amplificationfactor. Theamplificationfactorsare
highly sensitive to thetune,they rangebetweenvaluesof 10and100usually, i.e. 100é m
displacementscause1 to 10mmclosedorbit distortions.

Actually theamplificationfactoris not completelyinvariantagainstscalingsincethe
closedorbit distortionis not lineardependanton themisalignmenterrorsdueto thepres-
enceof sextupoles,seeeq.6.2. However the contribution from the sextupolesis small
dueto thesquaredependancy on

â Ê ,

âëê
. Furthermoretherelationbetweeneqs.6.3and

5.8 tells that at leastthesextupolecontribution to horizontalclosedorbit distortionwill
besuppressedlargely by optimizingthesextupolesfor exterminationof theintegerreso-
nancedriving sextupoleHamiltonianì�í ß+î�î�î for purposesof dynamicacceptancegain.

Thetool for determinationof amplificationfactorsis atrackingcodeallowing magnet
misalignmentsto besetandcontaininga closedorbit finder. Errorsaresetby a random
generator. Many different“seeds”of randomnumbershaveto betriedandaveragedin or-
derto obtainastatisticallysignificantstatement.Oneshouldalsopayattentionthatthere
areonly few seedswherenoclosedorbit canbefound,becausethisgivestheprobability
for seriouscommissioningproblems.To decreasethissetof seedsathreadermodulemay
precedetheclosedorbit finder.

6.2.3 Girders

One would like to move inevitable kicks to locationsof low betafunctionssincethere
the closedorbit is lesssensitive. This canbe doneby girders: A groupof magnetsis
alignedto very high precision( ïñð5ò5é m) to the girder, which is a ratherstiff pieceof
steel.Thetransitionsbetweengirdersareat locationsof low beta,thegirderareconnected
by joints, which might be virtually establishedby optical systems,forming a so called
“train link”. The “kick” at girder transistionactually is a kink in the optical axis. For
theprecisionof thegirderalignmentlargertolerances(few 100é m) areallowedthanfor
individualmagnets.We have to distinguishthenbetweendifferenttypesof amplification
factors,dependingif we considermisalignmentsof the magnetsrelative to the girder,
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absolutemisalignmentsof thegirder joints or the play within the joint, i.e. violation of
thetrain link. Apartfrom mechanicaladvantagesagirderschemereducestheclosedorbit
distortionsubstantially.

6.3 Closedorbit correction

6.3.1 Corr ectorsand BPMs

In orderto correcttheorbit we look againateq.6.4andturn thetables:By applicationof
appropriatededicatedkickswecancompensatetheparasitickicksdueto misalignments.
For theseadditionalkicks we needsmalldipolecorrectormagnetsof variablefield since
we have to adjustthem to a yet unknown patternof misalignments.We also needto
observe thebeam,i.e. install beampositionmonitors(BPMs)at many locationsin order
to controlthesuccessof thecorrections.

With one correctorand one BPM at every magnetwe certainly could compensate
everymisalingmentlocally, however thatwouldbeoverdone.Generallyit is sufficient to
installBPMsandcorrectoratquarterbetatronwavelengthdistance:With aphaseadvance
of 90ó akick appliedatacorrectorresultsin adisplacementin thesubsequentBPM.There
anothercorrectorwill adjustthebeamto thenext BPM,etc.In reality it is neitherpossible
nornecessaryto setBPM/correctorstationsatexactlyquarterbetatronwavelengthes,but
thephaseadvancehasto substantiallysmallerthan ô�õ1ò1ó , otherwiseacorrectorwouldnot
be able to createany changeof displacementat the next BPM. Practicallyoneor two
BPM/correctorstationsarerequiredin everycell of thelattice.

This givesanimportantimplicationevenfor earlylatticedesign:Fromthebeginning
the appropriatelocationsfor BPMs andcorrectorsandthe requiredspacefor installing
thedeviceshasto be taken into account!Thecorrectorreally is a small dipolemagnet,
it hasto provide deflectionscomparableto thekicks from eq.6.1.In orderto save space
at somemachinesthe correctorsareintegratedasadditionalcoils in the quadrupolesor
sextupoles.

TheBPM is madefrom four smallinsulatedareasin thevacuumchamberwhich“see”
afield proportionalto thedistanceof thebeam’scenterof mass.

By meansof the BPM/correctorsystemthe orbit correctioncanbe done. Naively
steeringfrom onecorrectorto thenext BPM usuallydoesnot converge. We will briefly
discussthetwo methodsof choice.

6.3.2 Sliding bump method

As long as the betatronphaseadvancesbetweencorrectorsare reasonablychosen,i.eò5óöï â æ ï÷ôQõ1ò5ó , threecorrectors,let’s call them1,2,3,alwaysallow to zerotheorbit in
BPM 2 nearthecentercorrector2 withoutaffectingtherestof thering: Corrector1 opens
the orbit bump and2 providesthe necessarykick for 3 to closeit again. The required
correctorstrengthesareobtainedstraightforwardfrom matrixformalismasshown in [58].
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In thenext stepcorrectors2,3,4areusedto zerothebeamin BPM 3. Sincecorrector2
is closeto BPM 2 changingits strengthnow will only little affectthepreviouslyoptimised
positionin BPM 2. In this mannertheclosedorbit bump“slides” aroundthering. Due
to nonlinearitiesin betatronmotion and small but nonzerophaseadvancesbetweena
correctorandthe correspondingBPM theorbit will not beperfectlycorrectedafter one
turnandis iterateda few timesor until all BPM readingsarebelow somemargin.

6.3.3 Singular valuedecomposition

With ø BPMs in a latticeand È correctors,È and ø not necessaryequal,eq.6.4can
be written asmultiplication of the È -dimensionalvectorof kicks to be appliedby the
correctorswith a ø ùlÈ matrixgiving the ø -dimensionalvectorof BPM readings:× Ê�úcûcü Úoý Íÿþ ý�� Û � × â Ê�ã������� Ú Û with 	 Ë Ý Í Î Ï�Ð Ë Ï�Ð ÝÑCÒÔÓÖÕ*×¶Ø%Ù¼Ú äbå Ò×�æ Ð Ëèç æ Ð Ý ç Ø*Ù[Ú

(6.5)þ iscalledtheresponsematrixbecauseit providestheinformationhow thebeamresponds
to excitationof thecorrectors.Evenexciting only onecorrectorwill createnonzeroread-
ings in all BPMs as clear from eq.6.3. An exampleof a responsematrix is shown in
figure6.3(top).

Solving the linearsystem,i.e. inversionof the responsematrix providesa vectorof
correctorstrengthesandthusperformsthe closedorbit correctionin onego. However
theresponsematrix is notsquareandhasthetendency to besingularor closeto singular,
if someBPMsor correctorsarelinearcombinationsof others.Themethodof choiceto
handlethat is SVD (singularvaluedecomposition)[41]: It is a robusttechniqueto solve
ill-conditioned,over– or underdeterminedlinearsystems.For È 
 ø it will minimize
the correctorstrength. For È ï ø it will find the solutionwith the smallestresidual
orbit in a leastsquaresense.For È Í ø it will simply invert thematrix. Furthermore
it providesinsight which correctorsaremostor leastefficient by extractingan È ùNÈ
diagonalmatrixof weightfactorsfrom theresponsematrix.

Figure6.3 (bottom)shows the invertedresponsematrix for a casewith È Í ø and
correctorscloseto BPMs: It is a tridiagonalmatrix, i.e. a nonzeroreadingat BPM É is
producedby nonzerostrengthesin the3 adjacentcorrectorsÉ ç ô , É and É�� ô . – Actually
this is just theclosedorbit bumpusedin thesliding bumpmethodwith therequiredco-
efficientsfor contructingthebumpstoredin theinvertedresponsematrixelements.Thus
for a squaresystemsliding bump andSVD methodsprovide the same,uniquesolution
for theorbit correction.

6.4 Coupling

Linearcouplingbetweenhorizontalandverticalmotionis introducedby skew quadrupole
fields from vertically misaligned sextupoles or from quadrupoleswith roll errors.
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Solenoidfieldsasusedin detectorscausea rotationof thebeamandthusalsointroduce
linearcoupling.

In aflat latticecouplingis thesourceof afinite verticalemittancewhichideallywould
be zero. It is importantnot to mix the coupling parameter and the emittanceratio�ëÍ�������� Ð .

Couplingdrivesquadrupolarskew betatronresonancesof type
Ù Ð�� Ù �¿Í�� . In sum

resonances(“+” sign)thedifferencebetweenthebetatronamplitudesis constantandthus
they bothmaygrow infinitely leadingto beamloss. In differenceresonances(“ ç ” sign)
the sum of betatronamplitudesis constantand the motion remainsconfined,drawing
Lissajous-figuresin phasespace.Thusthe lattice’s working point never shouldbeclose
to asumresonance.

Under the assumptionsthat the couplingis small, that only skew quadrupolescon-
tribute, and that one single differenceresonanceis dominantthe coupling constantis
givenby [21]  Í ô� Ø���� á Ï�ÐQÏ � 	xí × �Ú�! Ý#"%$'&("*),+.-/$'0'"1) +2-4325768:9 +�; �

(6.6)

with

â Í ×+Ù Ð ç Ù � ç<� Ú the distanceto the differenceresonanceand 	xí the skew
quadrupolestrength.Whenmoving theworking point into theresonancehorizontaland
vertical tuneswill not crossover but the betatronoscillationswill merge into a coupled
oscillationwith two differenttunesthatcannotbeassignedto oneof thetransverseplanes.
Theclosesttuneapproachcorrespondsto thewidth of theresonanceandis givenby =>?= .

If coupling is the only sourceof vertical emittancethe emittanceratio � is given
by [21] � Í =@A= � â× =>?= � â Ú í �Oô � Ñ ÍCB � Ð Í ôô�� � � ÐED ���ÁÍ �ôF� � � ÐED (6.7)

with � ÐED thenaturalhorizontalemittanceof theidealflat lattice.
If a low verticalemittanceis required,for examplefor reasonsof brightnessin a light

source,dedicatedskew quadrupolesmaybeaddedto thelatticein orderto minimizethe
integral of eq.6.6. Anothersourceof vertical emittanceis spuriousvertical dispersion
causedby verticaldipoledownfeedfrom quadrupoleheavesandthusindependantfrom
coupling.

If the lattice is not flat it will of courseprovide a naturalvertical emittancefrom
synchrotronradiationin verticalbendingmagnetswhichhasnothingto dowith coupling
either.

Couplingis usuallyconsideredasaparasiticeffectandsuppressed.Howeverin opera-
tion somecouplingresultingin ��G ôQò -/HJI�IKI ôQò - í is oftenappreciatedin orderto prolong
theTouscheklifetime which is inverselyproportionalto thebunchvolume.

Somecollider conceptsgo evenfurtherandusededicatedsocalledroundbeam,i.e.
beamswith equalhorizontalandverticalemittanceandequalbetafunctionsat theinterac-
tion point, in orderto obtainhigherluminosity:TheNovosibirsk L -factorywasdesigned
to operateexactlyonthemaindifferenceresonancebut to producehorizontalandvertical
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emittancesindependentlyby rotatingthe beam M1ò1ó per turn by meansof superconduct-
ing solenoidsalsousedfor focussingat the interactionpoint [3]. Anotherconceptwas
to do all focusingby skew quadrupolesandobtainuncoupledmotionsin the

� ð5ó rotated
eigenplanes[9].

For furtherreadingoncouplingseerefs.[21, 57,10].

6.5 Multipolar errors

Finite approximationof idealmagnetpolecontours,saturationeffectsandmountinger-
rorsof amagnet’scomponentsintroduceparasiticmultipoles.

Parasiticmultipolesareobtainedfrom magnetsimulationsor measurements,they are
usuallyexpressedasrelativefield componentatsomereferenceradiusNPO ×RQ1Ú � NPS ×�Q5Ú with
themagneticfieldsgivenby eq.2.1.

Due to finite approximationof ideal pole contoursodd multiplesof the fundamen-
tal pole appearsystematically, e.g. a quadrupole( T Í Ñ

) hassystematicdodekapoles
( T ÍVU ), ikosapoles( T Í ôQò ) andso on. Theseparasiticmultipolesmay alsochange
with saturation.Quadrupolesareusuallymanufacturedin two halfs in orderto mountor
unmountthevacuumchamber, thusalignmenterrorsbetweenthetwo halfscauserandom
octupoles,varyingfor individualmagnets.

Bendingmagnetshave systematicsextupolescausedby finite pole width andedge
sextupolescausedby acurvatureof thefringefield.

Dipolar, quadrupolarandsextupolarerrorsarenot very harmful sincethey may be
compensatedby the correctordipoles,by retuningthe quadrupolesor reoptimizingthe
sextupoles.Highermultipoleswould requireintroductionof a correctionsystemof same
multipoleorderif thereis nootherwayto maintainsufficientdynamicacceptance.Track-
ing simulationsare requiredbeforeorderingmagnetsfor a machinein order to define
tolerancesfor theparasiticmultipolecontent.For modernmachinesthesetolerancesex-
pressedasrelativefield componentsatapertureinscribedradiusarein the ô�ò -XW

rangeand
thusrequiregreatskills from themagnetmanufacturers.

6.6 Ground vibrations

Nature(tides,rivers,earthquakes)andcivilization (machines,traffic, quarries)produce
groundwaves leadingto dynamic,correlatedmisalignmentsof magnets.The relevant
frequency rangeis from 0 to a few 100Hz. Modelling shouldincludethegroundspec-
trum,dampingfromtheconcretefloorof theacceleratorhall,mechanicalresonancesfrom
thegirdersandfinally theclosedorbit response.Groundwavesaretoofastfor thenormal,
DC basedclosedorbit correctionto follow. As a a generalrule of thumbthebeamjitter
dueto vibrationsshouldbelessthan10%of thebeamradius.Howeverat theinteraction
regionof acollideror at theundulatoror ahighbrightnesslight sourcethis tolerablejitter
is in the micron range. If it is predictedto be larger the installationof a dedicatedfast
orbit feedbacksystemhasto considered.Figure6.2 shows the closedorbit responseto
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groundwavesfor theSwissLight Sourceindicatingthebenefitof girdersto suppressthe
beamjitter. For furtherreadingseeref. [47].

Figure6.2: Amplification factorsdefinedasratio of closedorbit (averagedover ground
wave incidentangleandphase)to groundwave amplitudefor singleelements(dotted)
andelementsmountedon girders(solid). For high frequency the factorsapproachthe
valuesfrom randommagnetmisalignments.An increaseof thefactorsis observedwhereY

equalsthebetatronwavelength,which occursat 36 Hz for thehorizontalandat 14 Hz
for thevertical.Dataarefor theSwissLight Sourceandweretakenfrom ref.[7].



6.6. GROUND VIBRATIONS 61

72 vcm

0 6 12 18 24 30 36 42 48 54 60 66 72
vcm index 0

6
12

18
24

30
36

42
48

54
60

66
72

mon index

-10
-8
-6
-4
-2
0
2
4
6
8

10

vertical matrix coefficient

72 vcm

0 6 12 18 24 30 36 42 48 54 60 66 72
mon index 0

6
12

18
24

30
36

42
48

54
60

66
72

vcm index

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

Figure6.3: Singularvaluedecomposition:Responsematrix of BPM readingsfrom cor-
rectorexcitations(top) andits inversecalculatedby singularvaluedecomposition(bot-
tom). Figuresaretakenfrom ref. [6].



62 CHAPTER6. LATTICE ERRORS



Bibliography

[1] P. Audy, C.Leleux,A. Tkatchenko, Firstandsecondordereffectsof sextupolarperturbation,
InternalreportLNS 89-14,LaboratoireNationalSaturne,Saclay, 1989

[2] B.Autin (Ed.), Beamoptics A programfor analyticalbeamoptics, Internal report,CERN
98-06

[3] L.M.Barkov etal.,Phi-factoryprojectin Novosibirsk,Novosibirsk1989

[4] J.Bengtsson,The Sextupolefor the SwissLight Source:An Analytic Approach,Internal
ReportSLS-Note9/97,PSI,1997

[5] M.E.Biagninietal.,DaZ NE mainring optics,in: Proc.EPAC’98, p.879
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