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Foreword

This paperis basedon the “Lattices” courseheld by Michel Martini (CERN) andthe
authorat the Cern AcceleratorSchoolat Bénodet(France)from Aug.30-Sep.91999.
The courseconsistedf sevenunits of each90 minutes. Units 2,3,4coveringtrans\erse
dynamicsthe BeamOptics code,analyticandcomputetaideddesignof latticesectionsas
FODOcell, triplet, dispersiorsuppressoetc. wereheld by M.Martini, andthe contents
arewell documentedn refs.[32]and[2]. Units 1,5,6,7coveringintroduction,magnets,

globalguantitiesacceptancandlatticeerrorswereheldby theauthorandthusaresubject
of this paper



Chapter 1

Intr oduction

1.1 Intention

For abeginnertheproblemof latticedesignappearsisajungleof mary parametersested
in complicatedwayswith all kinds of constraintssuperimposedlt is difficult to obtain
an overview, to sort the priorities andto develop a methodicaldesignprocess. There
exist mary goodlecturenotes,articlesandbookson beamdynamics but how to build a
bridgeacrosdrom theoryto practicallattice designis not obviousfor the beginner It is
theintentionof this noteto closethatgapby takinga very pragmaticapproach We will
largely do without derivationsbut ratherquotethe equationsve needandtrustthosewho
derivedthem.However we will alwaystry to be awareof the underlyingapproximations
andlimiationsof validity. We alsoincludetechnologicatonstraintdik e poletipfieldsor
coil sizesof magnetsn orderto avoid unrealisticdesigngight from the beginning. Thus
we hopeto offer ausefulcomplemento theoreticabeamdynamics.

1.2 Lattice design

1.2.1 Taskdefinition

The arrangemenbf magnetsand someother devicesto guide and focus the beamis
calledthelattice. Giventhe purposeof the maching(particlefactory light source..) and
its desiredperformancdenegy, luminosity, brightnesslifetime...) lattice designhasto
find a solutionwithin limitationsof availableareabudgetandtechnology

Beyond performancendfeasibility the basicrequirementso lattice designare,that
the solutionsshouldbe

simple: few differentcomponentypes,stadardizationhigh lattice symmetry
robust: toleranceo errorsin alignmentandcomponentnanufcturing

fail-safe: generallyconserative, takingtechnologicalisksonly whenit is really neces-
saryto achieze unprecedentegerformance
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4 CHAPTER1. INTRODUCTION

cheap: concerningbothinstallationandoperationcosts
reliable: thoroughlytestingin orderto enablesignificantperformancepredictions

Of courseall theserequirementgontradictperformanceanda carefulweightinghasto
bedone.

1.2.2 Methodology

We maydivide thelattice designprocessnto four phases:

1. Preparation: Definition of performancessueq—sec.4.1andboundaryconditions.
Acquisition of informationon available building blocks (magnets¥or composing
thelatticeconcerningheir propertiesandtechnicalimitations (—ch.2).

2. Linear lattice: Arrangemenbf linearbuilding blocks(quadrupoleandbendingmag-
nets)to obtainthe desiredglobal(i.e. concerninghe lattice asa whole) quantities
like circumferencegmittancetune,etc. This phasas mostcreatve anddealswith
inventingperiodiccells, matchingsectionsjnsertionsetc. in linearapproximation
(—ch.3and4).

3. Nonlinear lattice: Introductionof sextupolesandRF cavities for stabilizationof par
ticels with momentumdeviations. Due to the nonlinearityof theseelementsdy-
namic acceptancei.e. stability limits for trans\erseand longitudinal deviations
from theidealreferenceparticlebecomeshe maindesignissue(—ch.5).

4. Reallattice: Investigationof lattice performancein presenceof magnetmisalign-
ments,multipolar errors,vibrationsetc. and developmentof correctionschemes
(—ch.6). This final designphaseendswith a significantpredictionon the perfor
manceof thelatticeincludingthe estimatedmperfectionf reality.

Little of lattice designcan be doneanalytically mosttasksrequirethe aid from a
computercode. In phase2 the designemeedsa visual codeto “play” with latticesand
optimizetheminteractvely. In phase3 specialtoolsfor acceptanceptimizationandfor
trackingin orderto checkthe resultswill be needed. Finally in phase4 an extended
trackingcodefor simulationof all kindsof errorsis required.

At the endof lattice designconstructionof the machinemay start. Of courselattice
designcontinuedor existing machinegoo in orderto improve themfurtheror to under
standproblems.

1.2.3 Interfacing

Lattice designprovidesthe “skeleton” of the machinetelling how singleparticlesmove
aroundthering. However the “flesh” to be addedis the beamcurrent. The maximum
beamcurrentis a fuzzy subjectto be sharedbetweenbeamdynamics,vacuumand RF



1.2. LATTICE DESIGN 5

departmentanddifficult to predictprecisely In the framavork of this paperwe assume
the beamcurrentasgivenanddo not considert further Insteadwe recommendhatthe
lattice designershouldbein contactwith his/hercolleaguesrom otherdepartmentsor
differentreasons:

Vacuum: Impedanceof vacuumchamberaffects maximumbeamcurrent,pressureaf-
fectslifetime, pumpsabsorberandflangesequirespace.

Radiofrequency: RF parametersleterminemomentumacceptancend otherparame-
tersaffectingdirectly thelattice design.

Diagnostics: Beampositionmonitorshave to beinsertedat theright locationsandalso
requirespace.

Magnet Design: Technologicalimits andgeometricapropertiesof magnetsletermine
maximummagnetstrengthto be usedin lattice design,magnetcoils needspace,
multipolarerrorsaffecttheacceptance.

Alignment: Misalignmentgauseorbit distortionsaffectingthe performancendrequir
ing correctionschemes.

Mechanical engineering: Groupingof magnet®n stiff girdersimprovestherobustness
of thelatticeto misalignmentsandvibrations.

Construction: Devicesto beinstalledby the differentdepartmentsneeton the design
engineerdlueprintandconflictsrevealthere.

Mostimportantfor thelatticedesigneis to includethe spacaequirementsor all devices
right from the beginning.

Fig.1.1givesacomparisorof thelattice designerandthe designengineeryiew of a
latticesection.
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Figurel.1: A lattice sectionsasseenby the lattice designer(top) andthe designengi-
neer(bottom). Note how the spacebetweernideal magnetss consumedy coils, BPMs,
absorberspumps etc.



Chapter 2

Lattice building blocks

2.1 Lattice composition

Lattice designis the art of choosingthe suitablebuilding blocks and concatenatéghem
in the appropriatenvay in orderto obtainthe desiredmachineperformancewithin given
limitations.

It is importantto make a clear distinction betweenlocal propertiesof the building
blocksandglobalpropertiesf thelatticeaspronouncedy ForestandHirata[17]:

“A quantityis calledlocal if it is dervablefrom the individual magnetirre-
spectve of the magnetpositionin thering andevenirrespectve of thering
itself. For exampleatrajectoryof a particlethroughthemagnets local.|. . .]
Global information, on the contrary is derivable only after the full ring is
produced.For examplethe dynamicaperturehasno meaningwhatsoger if
we cannotiteratethe one-turnmap(i.e. circulateparticlesin themachiney.

Concatenatiorof building blocksis doneby coordinatetransformationsi.e. trans-
lationsandrotations. For examplea vertical bendingmagnetis insertedby a horizontal
bendingmagnefprecededy a 90°rotationaroundthe s-axis.

A building block may have ary coordinatesystem however in practiseit is eithera
cartesiargeometrywith parallelentranceandexit planeq(z,y) planesperpendiculato s)
andlength or acylindric geometrywith anangle¢ betweertheentrancendaxisplanes
andarclength L. Obviously cylindric geometryis morecorvenientfor the descriptionof
bendingmagnetsandcartesiargeometryfor othermagnetypesanddrift spaces.

After assemblingall building blocks and closing the ring the one turn map canbe
calculatedit is justthe mappingof theparticlevector)? = (z,ps, Y, Dy, 6, As) from one
turn to the next X,, == X,_; with the orderof the map correspondingo the highest
power in the coordinatesThusthe closedorbit is a fixpoint of the one-turnmapandthe
transfermatrixs alinearizationof the one-turnmaparoundthe closedorbit.

For thepracticallatticedesignassubjectof thisnotewe will needonly asmall,ideal-
izedsubsebf theformalismwith following approximations:
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8 CHAPTERZ2. LATTICE BUILDING BLOCKS

e Linearbeamdynamicswith corvenientquantities:emittancgthe Courant-Sgder
invariant),betafunctionsbetatronphasesetc.

e Decouplingof subspacesSynchrotrormotion,i.e. dynamicsn (§,As) subspacés
slow andthustreatedasconstanparametersverthetimescale®f betatrommotion.
Couplingbetweenhorizontal(z,p,) andvertical (y,p,) subspacess consideredo
besmall(—sec.6.4).

¢ Nonlineartiesaretreatedasperturbationg —ch.5).

e Theso called“designorbit” is just a coincidenceof the closedorbit with (most)
magnetssymmetryaxisfor theideallattice but is not defineda priori.

It is importantto be awareof thesesimplifications.

Eventuallyary latticedesignhasto betestedby trackingparticlesthroughthelattice,
since tracking concatenatesll local transformationof the particle vector from block
entrancdo block exit includingthe coordinateransformationdetweerblocksandthus
implicitely appliesthefull one-turnmap.

The propertiesof the building blocksandtheir limitationswill beinvestigatedn this
chapterthe propertiesof thelatticearesubjectof thefollowing chapters.

2.2 Magneticfields

2.2.1 Multipole definition

In thelocal coordinatesystenof amagnethefield is givenasmultipoleexpansioraround
thelocal referenceaxis (x=y=0) by
By(x,y) +iBy(z,y) = (Bp) Y_(ian + by) (2 +iy)" ™ (2.1)

with n themultipole orderand2n the numberof polesin themagnetj.e.n =1,2,3,...
indicatingdipole,quadrupolesextupole,etc. The b, aretheregularmultipoles(B, = 0
for =0) anda,, the skew multipoles,obtainedthrougha rotationaroundthe s-axis by
90°/n.

Thequantity(Bp) is calledthe magneticigidity. Fromthe Lorentzforce equationit
is directly derivedasratio of momentunover chage:

E
q NeC TNe

with n, the numberof elementarychagesper particleand 3 = v/c. For electronsand
positronds § ~ 1 usually

By differentiatiornof eq.2.1we obtainausefulexpressiorfor apure,regularmultipole:

_ 1 1 0"V B, (x,y)
Bp(n—1)! Ozt

3.3356 E[GeV] (2.2)

bn (2.3)

y=0
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2.2.2 Poletip field

Theradiusof acylinderaroundthe symmetryaxistouchingthemagnepolesis calledthe
poleinscribedradiusor magnetapertureadiusR. In caseof dipolesinsteadthefull gap
g = 2R is usedfor characterizationThe poletipfield of a regular magnets thengiven
from eqs.2.1and2.3by

Rnfl a(n—l)By(x, y)
(n—1)! Ozn!

By, = (Bp)b,R* ' = (2.4)

y=0

2.2.3 Conventions

Unfortunately there are different definitions of multipole strength. The quadrupole
strength,also often called £ is definedwith differentpolarities: & = b, or k = —b,.

For thesextupole(andhighermultipole)strengthcalledm or &, or other definitonswith

and without the factorialareused: m = +bs or m = +2bs. In orderto avoid mis-

understandingi is saferto characterizesextupole strengthin termsof B,/ R2. In our

definition a quadrupoleof positive strengthprovideshorizontalfocussingto a beamof

positive particles.

2.2.4 Elementary particle tracking

A particle traversingthe magneticfield is deflected. If we assumethat the motion is
paraxial(smallangleof inclinationz’, y" with the axis), thatthe magnets shortandnot
too strong(i.e. z, y ~ constantduring passagejve obtainfor the kick appliedto the
particlefrom integrationof Lorentzforce

1 1 I __ L
Al =~ / Bdl  Ay'=p / Bydl (2.5)

Examplesof kicks from pureregularmultipoleswith effective length L:

Quadrupole: Az’ = —bylx Ay = byLy

Sextupole: Az = —byL(z* — ¢?) Ay = 2bsLay (2.6)

Dividing amagnetn mary thin slicesandapplyinga seriesof kicks anddrifts would be
a first ordersymplecticintegratorof the particle’s motion throughthe magnets.Higher
ordersymplecticintegratorsapply kicks anddrifts in a deliberatevay in orderto reduce
theintegrationerror.

2.3 Building blocks

The elementarybuilding blocks for linear lattice design are bending magnetsand
guadrupoledor guiding and focusingthe beam. The nonlinearlattice designalso in-
cludessextupolesusedfor correctionof thequadrupolesthromaticaberrationsThereal
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lattice with alignmentand other errorsalso includessmall correctordipolesand skew
guadrupoleslin additionevery ring needsnjection devices(kickersandsepta)andone
or moreRF cavities for acceleratiorandlongitudinalfocusing.

Specialdevicesnot usedin every machinesare undulatorsin light sourcesglectro-
staticbeamseparatorsn somecolliders,andseldomsolenoidsfor focussingandbeam
rotation.

2.3.1 Bendingmagnet

The bendingmagnetis a block of cylindrical symmetrywith a curvature,resp. radius
hret = 1/ pret, arclength L andbendangle® = Lh,s.

Thedipolemomenth, = B,/(Bp) providesacurvatureh = b, of a particles trajec-
tory. Themagnetidield is adjustedhath = h,.¢ for theparticularenegy of thereference
particle.For particlesat otherenepiesthetrajectories’cunaturesdo not matchthe coor
dinatesystems curvature,they thusleave the bendoff-axis evenif they enteredon-axis,
aneffectcalleddispersionlt is importantnotto mix .. whichis givenby geometryand
h whichis afunctionof magnetcurrent.

In a pure sectorbendthe entranceand exit edgesof the magnetare orthogonalto
the arc, in the generalcasethe edgesmay be rotatedby angles(;, {, to be includedin
the coordinatetransformation.Rectangulabendshave parallelentranceandexit edges,
(1 = (o = ®/2. Laminatedmagnetdik e usedin synchrotrondor reason®f eddycurrent
suppressioarealwaysrectangulasincemanugcturingis doneby stackingthelaminates.

If the bendingmagnetalsohasa quadrupolenomenth, it is calleda combinedfunc-
tion magnetWeakfocusingsynchrotronsisedcombinedunctionmagnetsthedefinition
of the“field index”

p 0B,
B, Oz

2.7)

goesbackto thesetimes. Recentlycombinedfunction magnetdecameagainattractve
for low emittanceboostersynchrotron$34].

The magnetgap ¢ hasmostimpacton magnetdesign(seebelon) and also affects
slightly thefringe field optics|[8].

Summarizinghe parameteror descriptionof abendingmagnetare
L, hyest = b1,C1,C0,9,[ba... ]

2.3.2 Quadrupole

Quadrupoleareusedfor focusing they aretreatedn thenext chaptersThefield gradient
is givenby G = 0B, /0z|y—o = (Bp)bs.
ParametersL, by, R.
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2.3.3 Sextupole

The sextupoleis usedfor correctionof quadrupolechromaticaberrationsand will be
treatedn chapterb.

Parametersi, bs, R.

2.3.4 RF cavity

For the purposeof lattice designthe cavities aretreatedasthin elementsvhereparticles

receve a changein enegy dependingon the time of arrival expressedasthe lag As

comparedo thereferenceparticle: AE = ¢Viesin(ps — 2mAs/ )
ParametersWavelength\,s andpeakvoltageVi:.

2.3.5 Correctors

Closedorbit correction(—sec.6.3yequiressmallhorizontal(regular)andvertical (skew)

dipole magnetof cartesiargeometry Sometimeshey areembedde@sadditionalcoils

in quadrupole®r sextupoles howeverit is importantto subtracthe correctorsnaximum

field from themaximumpoletip field allowedfor the quadrupolesiesp.sextupoles.
ParametersAz' (= [ bidl), Ay' (= [aq1dl), g.

2.3.6 Monitors

Beampositionsmonitorsarepassve elementgor obsenationof beamposition. They are
only mentionedbecausehey requirespace have to be insertednto the lattice at special
locationsandtherearemary of them.

2.3.7 Skew Quadrupoles

Correctionof horizontal-\ertical coupling dueto roll errorsin the real lattice requires
smallskew quadrupoleorrectord—sec.6.4) Oftenthey areincludedinto thesextupoles
asadditionalcoils.

Parametersy a.dl, R

2.3.8 Injection kickers

Injection requireseither a fast kicker to bendthe injectedbeamto the axis (“on-axis
injection”) or a closedbump of slower kickersfor multiturninjection. Importantis time
structureandmaximumkick to the beam.

Parametersy] by (t)dl
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2.3.9 Septum

For injection or for beamseparationn a collider septummagnetsarerequired. A sep-
tum is a coppersheetof high currentattachedo a dipole magnetin orderto provide a
sharpcut-off of thefield. Distanceto the axisandthicknessof septumareimportantfor
acceptancestimates.

ParametersL, b;, distancdo axis,thickness

2.3.10 Solenoid

Solenoidsappeamostly asparasiticelementsn lattice designsincethe detectorsat the

interactionregionsof collidersoften uselarge solenoidalfields affecting the beam. Fo-

cussingby a solenoidis asecondrdereffectwhile beamrotationis thefirst ordereffect,

thus the focusing strengthgoesdown with E2. Use of solenoidsis thus restrictedto

low enegies. Fromthe longitudinalfield B, follow rotationangleandfocusingstrength
approximatelyto 6, = B;L/(2Bp) andks, = (BsL/(2Bp))?. The exact treatment
however is rathercumbersomesincethe trans\ersevectorpotentialsn the Hamiltonian
cannotbe neglectedik e for otherelementg21].

ParametersL, Oy, kso1, R

2.3.11 Undulators

Light sourcesuseundulatorgo forcethe electronson a “slalom coursefor emissionof
bright synchrotronlight. In contraryto otherelementsmostundulatorsuse permanent
magnets.They arecharacterizedy peakfield B,, wave lengthof the slalommotion A,
andthe numberof periodsN,. The gapg canbe very smallin modernlight sources
causingacceptanc@roblems. The mostprimitive modelfor an undulatoris a seriesof
small dipole magnetsof length \, /4 of alternatingpolarity with empty spaceof same
lengthin between.Wigglersaresimilar to undulators but have fewer polesandhigher
field.

Parametersi,, Ny, By, ¢

2.3.12 Separators

Colliders with particle/antiparticlebeamsof sameenegy cannotseperatehe beams
by magneticdevices but needelectrostaticplates. Since Lorentz force is given by
F= q(E + 7 X B) electricfields comparedo magneticfields act weakly on high en-
ergy beams.Thusthe devicesare unwieldy andneedvery high voltage. An alternatve
areRF separators.

ParametersL, E, gap
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Siron ‘ L '
coil | total |
9
N ? L iron
L eff

Figure 2.1: Iron dominateddipole magnet. Integrating Maxwell’'s equation¢ Hds =
[ [ jda alongthe pathas showvn at the left givesthe crosssectionareaA of the coils
requiredto createthe field B: A = B/(2j.)[Siron/ (tottr) + g/ o) With j. the current
densityin thecoil. Sincetheiron permeabilityu, > 1 thissimplifiesto A &~ Bg/(2jc0)-
Thefigureatright shavsthedistinctionbetweereffective magnetength,iron lengthand
total lengthdueto additionof coil width to iron length.

2.3.13 Space

A very importantelementnot to be forgottenduring lattice designis free space.Space
requirementgor RF systemsgdiagnosticequipmentyvacuumpumps,absorbersflanges
and magnetcoils have to be taken into accountright from the beginning. The lattice

designershouldconsultthe colleaguedrom otherdepartment®arly in orderto avoid

revisionsof his beautifulcompactattice.. .

2.4 Interfer encedrom magnetdesign

A brief detourinto magnetdesignis requiredin orderto include limitations on magnet
strengthesindrequirements$or distancedetweermagnetsnto thelatticedesignprocess.

2.4.1 Coil size

For aniron dominatednagnetike shavn in fig. 2.1 therequiredcoil crosssectionarea
is givenby A = Bg/(2j.u1,). A conserative valuefor the grossaveragecurrentdensity
in a watercooledcoil (including waterpipes,insulations,etc.) is j. ~ 2...3 A/mm?.

Assuminga realistichendingmagnetof 1.5 T field and40 mm gapthe crosssectionis

A ~ 100 cm? andthe coil might be quadratiovith 10 cmwidth andheight. Althoughthe
iron lengthis shorterthanthe effective lengthof themagneby Li.,, = (Les — g) thecoil

in our examplewould add16 cmto the effective magnetengthasusedin lattice design.
Sameconsiderationgan be donefor quadrupolesind sextupoles. Figure 1.1 makesit

clear
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Somedatafor the effective coil width, i.e. (Lta1 — Lesr) /2, to beaddedon bothsides
of amagnetasfreespacearelistedin table2.1.

Table2.1: Somedatafor effective coil width maximumpoletip fields and aperturein-
scribedradii obtainedrom a surwey onlight sourcemagnetg27]

eff. coil width max. poletipfield apertureadius

Bendingmagnets: 6.5...15cm 15T 20...35mm (=¢/2)
Quadrupoles: 4...7¢cm 0.75T 30...43mm
Sextupoles: 4...8cm 0.6T 30...50mm

2.4.2 Maximum poletip field

Somedatafor the maximumpoletipfield for normalconductingron dominatednagnets
arealsogivenin table2.1. Thepoletipfield is limited dueto saturatioreffectssomavhere
in theiron. Although magnetiron saturatesully around2.2 T it becomesonlinearat
lower fieldsalready In orderto maintainthe high field homogeneityequiredfor modern
machinesndto ensurepredictabilityandreproducabilitthemagnedesignshouldavoid
saturation.Thelimits on poletipfieldsfor quadrupolesindsextupolesarelower thenfor
bendingmagnetssinceflux lines arecompressedueto pole geometryandhigherfield
valuesappearsomeavhereelsein theyoke. Saturatiorof a 2n-polewill createa parasitic
6n-pole(—sec.6.5).

2.4.3 Magnetapertures

Calculationsasdonein figure 2.1 canbe donefor ary iron dominatednultipoleandlead
to the resultthat the requiredcurrentper coil expressedaswindings x current NI or
currentdensity x coil crosssectionj.A is proportionalto the poletip field x aperture
radius By R.

Keepingthe multipole strengthconstantve thusobtainfrom eq.2.4 a proportionality
of NI «x R", e.g. quadrupolecurrentsincreasewith the squareof aperture.The power
consumptiorrises even steeperas with squareof currentsincelarger currentsrequire
larger coils with longerwindingsandthushigherresistanceetc. Thusfrom the magnet
designpoint of view the apertureshouldbe assmallaspossible.

Ontheotherhandthe aperturefave to beaslargeasnecessaryor the desiredattice
performancein particularfor theacceptancé—ch.5).

Since poletip field is the limited quantity larger aperturedecreaseshe maximum
acceptablenultipolestrength With largerapertureaquadrupoldasto bebuilt longerfor
maintainingthe integratedfocusingstrength,whenthe maximumpoletip field hasbeen
reachedIn thisway thewhole machinesizeincreasesvith magnetapertures.

Somedatafor poleinscribedradii arealsolistedin table2.1.
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2.4.4 Superconductivity

Superconductingnagnetseachhigherfields andthuscanbe built muchmorecompact
thannormalconductingnes:Compactight sourcesoutinelyusefieldsof about4...5T
(—text following eq.4.6)with conventionalNbTi-wires at boiling helium temperature
of 4.2 K. Even higherfields of 8...10 T requireother lesscommonmaterialsfor the
superconductingvires like Nb;Sn or cooling with superfluidhelium[18]. The wiggler
for VEPP-2Mreachedr.5 T [24], andthe final focussingsolenoidsof the Novosibirsk
d-factoryaredesignedor 11T [3].

However superconductinghagnetshave seriousdisadantagesomparedo normal-
conductingjron dominatednagnets:

e Far beyond saturationiron behaes magneticallylike air, i.e. u, = 1, thusthe
magnetfield geometrycannotbe shapedwith iron polesbut only with the coils.
Thisimposesomplicateddesignconstraintn the coil geometry

e Neverthelesshe samefield homogeneityik e with iron dominatednagnetsannot
bereachedisually

e Theforcesin thecoils areenormousandrequirethoroughmechanicakngineering.

e Thedevicesaregenerallymuchmoreexpensve,in particularwhenthe cryogenics
is notyetin housebut hasto bebuilt up for thenew machine.

e The devicesare not asreliable, they may quenchdue to inhomogeneitiesn the
wiresor evendueto radiation.

Thus attice designshouldprefernormalconductingnagnetsandrequestfor super
conductvity only whenit is unavoidabledue to spacerestrictions,for examplein the
interactionregion of a collider.
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Chapter 3

Transversedynamics

For anintroductionto lineartranswesedynamicswe referto refs.[32, 50, 52,48, 59] cov-
eringthe linear Hamiltonianof betatronmotion with appropriateapproximationgsmall
curvature, paraxialmotion, piecavise constantfields), the equationsof motion, Hill’ s
equationandintroductionof betafunctionsbetatronphasesanddispersionandhow to
obtainthesequantitiesfrom a transfermatrix. Thesereferenceslso give examplesof
transfermatrice$or particularmagnetsand of basiclattice cells like a triplet, a FODO
cell, etc.,obtainedby multiplicationof the concatenatethagnetstransfermatrices.

For our purposesve only quotethe essentiaformulaeto be frequentlyused:

Thelinearbetatrormotion of a particleasits coordinateatlocations is describedy

x(8) = \/2Jy - Bz(8) cos(¢(s)) + D(s) - § (3.1)
with 3., ¢, and D betafunctionpetatronphaseanddispersiorfunction,é = Ap/p,
the relatve momentumdeviation and 2.J, the betatronamplitude. The sameequation
appliesto theverticaly, with D(s) = 0 in caseof aflat lattice.

Eq. 3.1is derivedfrom the canonicakransformatiorof the linear Hamiltonianto the
form H = J/{ with invariantbetatronamplitudeJ andphasep asnew variables(thats
thereasorwhy it is 2.J,), seerefs.[48, 59] for details.d is assumesa constansinceit
is only slowly varying(“adiabaticapproximation”).

a, (3, v arecalledthetwissparametergnotto be confusedwith therelatvistic param-
eters!)andrelatedwith eachotherandthe betatrorphaseby

B B _1+a?
o= [0/B)is  a=-F  4="7

The generaltransfermatrix),_,;, from somelocationa to anotherlocationb in the
latticeis describedy atransformatiorio actionanglevariablegcircle transformatiorto
Courant-Sgider coordinatesht locationa, followed by a rotationin phasespaceby the
betatronphaseadvanceA¢ = ¢, — ¢, andby a backtransformatioatlocationb:

R cos Ag sin A¢ . _ VB 0
Mﬁb_T”1<—sinA¢ cosA¢>T“ with 7T = ( ﬁ \/ﬁ) (3.3)

(3.2)

17
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Multiplication gives

y ( JE(cosAp+agsinAg)  VFuFysin A ) 0
a—b — (aa—ap) cos Ap—(14+agap) sin Ag Ba . . .
N - (cos Ag — apsin Ag)

For aperiodicstructurej.e. b = a, this simplifiesto the one-turnmatrix

[ €o82mQ + oy sin 27Q)) B sin 27Q)
M, = ( —Yo Sin 27Q €08 2m(Q) — g Sin 27Q) (3.5)

The transformatiorof twiss parameterslongthe lattice is givenby a 3 x 3 matrix
composeaf elementof M,_,;,, hereexpressedn termof sineandcosinetypesolutions:

B C? -25C S? B c g
(a) :(00' S'C + SC' SS’)-(a) with MH,:<S, 0'>
0% ) 012 _25101 SIQ v .
(3.6)



Chapter 4

Global quantities

Equippedwith knowledgeon andtoolsfor latticedesignwe mayfacenow the purposeof
the machineandfind out how thelattice hasto be shapedn orderto obtainbestperfor
mance.

Firstwe will seehow thefiguresof meritdependon quantitiesnve canmanipulateoy
lattice design thenwe will examinethe limitationsandinterconnectionsf thesequanti-
tiesandhow to optimizethem.

4.1 Figuresof merit

4.1.1 Light source: Brightness

Brightnesss the performanceassuefor undulatorasedight sourcesisedfor researchin
biology, chemistry surfacephysics,etc. Brightnesss definedas photonflux densityin
phasespaceandwithin a certainbandwidthof wavelength. On one of the peaksof the
undulatorsline spectrumandon axisthe peakbrightness5 is givenby [35]

Flux

b= 4TSS 5y Sy [

photons ]

4.1
s- mm? - mrad - 0.1%W (4.1)

with the X indicatingthe photonbeams rmsradiusanddivergenceobtainedfrom a con-
volution of the electronbeamandthe photondiffractionparameterdy

Y,=yo2+02 and X, = /ol +0, z=zOry (4.2)

with thediffractionsourcesizeanddivergencegivenby

VAL, A

Or = and o, = I (4.3)

with L,, theundulatodengthand\ the photonwavelengthunderconsideratiorgivenby
A eB,\

A= —"(1+ K?/2) with K, = —**“ 4.4

2n’y?( +Ku/2) 2Tmyc (44)
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Table4.1: High brightnesdight sourcedn operationor underconstruction35] (Status
1996).(Thelatticefactor F' correspondso eq.4.18 seebelow.)

Name Country E[GeV] Npag €50 [nmrad] F

ALS USA 15 36 3.4 8.9
MAX-2 Sweden 15 20 8.7(+D) 3.9
BESSY¥2 Germary 1.7 32 5.2 7.5
ELETTRA lItaly 2.0 24 7.0 3.1
PLS S.Korea 2.0 36 12 18
SLS Switzerl. 2.4 36 4.8 4.9
ESRF Europe 6.0 64 40(+D) 3.7
APS USA 7.0 80 8.2 11
Spring-8  Japan 8.0 96 5.6 9.6

(+D) indicatedispersie beamsn undulatorsSLSdatal998

andfinally \,, B, the undulators periodandpeakfield andn the selectecharmonicof
thespectrum.

The photonflux againis a function of undulatorproperties,of acceptecdandwidth
andof courseof the beamcurrent. For moredetailedandimprovedbrightnesgormulae
seeref. [28].

Sincewe aredealingwith thelatticedesigrnwe arenotinterestedn absolutébrightness
numbersut only wantto know whatwe candoin orderto increasérightnessincreasing
thephotonflux which depend®nundulatordesignandthe maximumbeamcurrentis not
ourtask.

Anticipatingtheresultson minimumemittancene considera modern few GeV light
sourcewith a flat lattice designedor low horizontalemittancee, of somenm-rad and
with the vertical emittancee, = ge, in the rangeof somepmraddueto low coupling
relatedparametey ~ 10~2 (—sec.6.4).Fromeqgs.4.3ve may seethat horizontallythe
convolutedbeamparameterfrom eq.4.2aredominatedy the electronbeams emittance
but vertically it depend®nthewavelength:Radiationin the VUV range(photonenegy
~ 100 eV) will bediffractiondominatedvhereasn theX-ray region (> 10 keV photons)
theelectrorbeamis dominating.For thebrightnessve thusobtainanapproximatescaling
as

VUV: B «x 1 X-ray. B QL (4.5)
€r ewg

We assumedherethatthe electronbeamhasa focusat sourcepoint,i.e. a, = 0 andthus
o, -0, = €,. Therelations4.5give a cleardirective to light sourcelattice design:Make

the emittanceaslow aspossible. The meansto achiere thatwe will investigatebelow.

Thechoiceof beamenepy is guidedby experimentademandsandundulatortechnology
in orderto provide high brightnessat photonenegies of interest. Table4.1 givesan
overview of high brightnesdight sources.
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Compactight sourcedor industrialapplicationsasX-ray lithographyof wafersused
for microchipproductionhave completelydifferentrequirementsBrightnesss no con-
cernbut flux ata photonenegy of oneor afew keV. Thecritical photonenepy is given
by [35]

e[keV] = 0.665 B[T] (E[GeV])? (4.6)

Sincethis typeof light sourcehasto be ascompactaspossibleandmaybeevenlight
weightedin orderto make it asa whole aninterchangableomponentn a waferfactory
the choiceis madein favour of high magnetidield andlow beamenegy. Thuscompact
light sourcesusuallyoperatebelonv 1 GeV and have a smallnumberof superconduting
bendingmagnetsvith mary radiationports.

A typical examplewould bethe HELIOS machine pperatingat relatively low enegy
of 700 MeV and usingtwo 180° bendingmagnetsof 4.5T field in a simple racetrack
latticefor producingradiationat a suitableenegy of 1.47keV [13].

4.1.2 Collider: Luminosity

Luminosityis thekey issuefor colliderssincethe productionratefor a particleof interest
is givenasproductof luminosityandcrosssectionfor thedesiredreaction.

Luminosity is generallydefinedas 4-dimensionabverlap integral of two colliding
bunchesn spaceandtime andin theultrarelatvistic limit givenby

L=] ////;oo o (z,y,s+ct)o (x,y,s — ct) 2cdt ds dx dy (4.7)

with o~ andp™ theparticledistributionswithin thebunches Notethattherelative velocity
of the colliding bunchesn lab spaces 2¢. f, = ¢/b is thecollision frequeng with b the
distancebetweersuccessie bunchesn thebeam.

We assumeésaussiartistributionsfor o~ andg™, asthey developrapidlyin electron-
positroncollidersdueto the synchrotrorradiationequilibrium (seebelow). For simplifi-
cationwe alsoassumadenticalrms beamparameter$or both beams.If we alsoallow
thebeamdo collide nothead-orbut ata smallcrossingangle26 < 1 we maywrite

N=* _ (z%s0)? y2  (stet)?

202()2 20y()? 207 4.8
(27)3/20w(5)0y(8)056 v ( )

o= (z,y,s £ ct) =

We assumedhe crossingto be horizontal,in caseof a vertical crossingz andy have to
beexchangedf course.

At collision point the beamshave a sharpfocuswith rms beamradii of o3, o,. The
beamradii beforeandafterthis pointaregivenby

2
0,(8) =0 4|1+ (%) , z2=1;y (4.9)
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Integrationof eq.4.7usingeqs.4.8,4.9ivesfor theluminosity

AT
L= NN g (4.10)
AT oyoy
We may interpretthis equatiorasa a particlestreamof f.N* (particles/second)itting a
tamgetof densityN~ /4w oo} (particles/m), thusthe 20 beamcrosssectionis theinter-
actionarea.
The “luminosity suppressioffiactor” S describeshe increaseof effective interaction

areadueto thedivergencefrom eq.4.9[33] andto the crossinganglebetweerthe beams.

2 70 e_(%)z e_(affS))Q
TOg 2
vresg s (£)" 1+ (—)

*
Y

S = ds (4.11)

Usuallythe suppressiofactoris aboutS = 0.8 ...0.95.

Eq.4.10givesusstill noguidelinefor latticedesignexceptthatwe shouldhave asharp
focusatinteractionpoint. In orderto obtainamoreusefulformulawe introducethespace
chage parameter§l 9]

+ Te B
& o2nyE Y or (o + a}) FEmY ( )

r. IStheclassicaklectronradius. Thespacechageparameterarerelatedio the max-
imum tune shift a particlemay experienceduring collision dueto the focusingfrom the
oncomingbunch. Experienceat mary machinegells thattheseparametergaregenerally
limited to values< 0.05 otherwisethe beamdecomeunstable For our purposeof lattice
designthey thusnicely hidethe beamcurrent,we accepthatthey arelimited anddo not
considetthemarymore.

Actually eq.4.13s two equationdor thetwo trans\erseplaneshoweverit is of course
the sameparticle numberin both equations.Eliminating it we canrelatethe ratios of
emittancesndbetafunctionso the aspectatio of thebeamat collision V' = o7 /o7

& & By &
- _ Sy Dy My 4.13
1L T B & @19
Introducingeqs.4.12,4.1to eq.4.10,alsousingeq.6.7andassumingsameenegy
andcurrentfor bothbeamgives

_mey? (14 V)? g
= g s (4.14)

We seethat the useof roundbeams(V = g = 1) would provide doubleluminosity,
howeverwedon't considethatoptionhere Jeadingto ratherexotic lattices[3][9]. Instead
we assumdlat latticeswith V' < 1 andg < 1.
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It is at first puzzlingthat luminosity increasesvith emittance sincelarge emittance
widenesthe focus, however remembeitthat the currentlimitations dependon the beam
sizestoo andhave beeneliminatedby eq.4.12 Actually onecaneasilyshow for idealflat
or roundbeamghaté o« N/e,,, i.€. the spacechage parameteexpresses limitation of
phasespaceparticledensity Thusemittanceentersin squarevia N but only linear via

U;O'; = ewoﬂ;é-w/gy-

For the lattice designwe thusobtainthreeguidelines:
e Emittanceshouldbeaslargeaspossiblej.e. aslarge asthe beampipe permits.

e (3, shouldbevery smallbut largerthanthe bunchlengttv,, seeeq.4.11.,3; follows
from eq.4.13. With 3; assmallas1 cm a speciallattice section,the so called

“mini-beta-insertion” equippedvith extremelystrongfocusingelementshasto be
designed.

e The distancebetweensuccessie bunchesh shouldbe minimized. With crossing
beamsevery RF bucket could be usedin principlethusmakingb = ;. In head-
on collision the beamhave to be unitedandsepearatedscloseto the interaction
pointaspossiblan orderto avoid parasiticcrossingsin caseof particle/antiparticle
beamsf sameenepgy the separatiorhasto be donewith electrostatiglatesor RF
devices,elsemagnetsoo canbeused.An empiricallaw for the minimumdistance

in parasiticcrossings,.e. closeencounter®of vertically separatedlat beamsis
givenby Ay > 2.50, [43].

Therearemary possibldayoutsof collidersdependingn the purpose:

The electron-positrorparticle factoriesgo for highestluminosity at a fixed enegy,
eitherwith samebeamenegieslik e the ®-factorieg5][3] or with differentenegieslike
the B-factoriespreferringa boostof the B-mesons. The centerof massenegy to be
suppliedin beamcollisionis givenby the particleto be producedf courseyangingfrom
1.02GeV for the -mesonto 161 GeV for W-pairs.

High enegy machinesarein searchof new physicsin nev enegy scalesandthus
are madefor beamenegies as high as possiblelik e the electron-positrorcollider LEP
operatingat 100 GeV or the new hadroncollider LHC operatingat 7 TeV [18] Thereare

also hybrid colliderslike HERA for collisions of electronsand protonsand heary ion
colliderslike RHIC [39].

Thering layoutis adoublering in caseof differentenegiesor particles howeverwith
particle/antiparticleat sameenegy both beamscould sharethe samevacuumchamber
avoiding parasiticcrossingdy electrostatiexcitationof betatronoscillations.

Thisis thesocalled“pretzel” schemesappliedat CESR[44].
Table4.2 givesanoverview over somecolliders.
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Table4.2: Circularcollidersexisting or underconstructior{22]

Name country  particles E [GeV] L£[1032cm2s7
DA®NE ltaly ete” 2x0.7 5
BEPC China ete” 2.8 0.2
VEPP-4M Russia ete” 6.0 1
CESR USA ete” 6.0 6
PEP-2B  USA ete” 3.1+9.0
KEK-B Japan ete” 3.5+8.0 100
PETRA Germay efe” 2x40
LEP Europe ete” 100 0.6
HERA Germary ep 12+ 40 0.1
RHIC USA pp, lons  2x250(p)/~F(Aut) 0.1(p)
Tevatron USA pD 2x1800 1.8
UNK Russia pp 2x 3000
LHC Europe pp 2x7000 100
4.1.3 Lifetime

Performancen termsof brightnessandluminosityis only usefulif the beamlifetime is
long enoughto do the experiments.Of courseboth high brightnessandhigh luminosity
leaddirectly to particlelosses.Themostimportantprocesseare:

e Touschekeffectis scatteringof particleswithin the bunch,leadingto a transferof
trans\erseto longitudinalmomentumexceedingthe momentumacceptanceThe
lossrateis inverselyproportionalto thebunchvolume,thuslight sourcesith their
low emittancebeamssuffer mostfrom Touscheleffect. TouscheKifetime is sensi-
tive to momentumacceptancéhusmakingmomentumacceptancef thelatticean
importantdesignissueto be discussedn detailin the next chapter

e Beambeambremsstrahlungs scatteringof particlesbetweencolliding bunches
alsoleadingto a momentumchangeexceedingthe acceptanceHowever the loss
crosssectiono, dependonly weakly on the momentumacceptanceWwith the half
lifetime simplygivenby T = N, /(0,£) [36] andsinceluminosityis whatwe want,
theonly way outis to startwith alargeinventoryof particlesin mary bunches.

e Residualgascontributesmainly by bremsstrahlungndelasticscatteringon nuclei
to lossesthefirst effect leadingto a trans\ersedeflectionandthe secondo a mo-
mentumchangeof the particles. Most sensitve to elasticscatteregarticlelosses
arelight sourcedueto the narrav gapof the undulators.Fromthe lattice design
little canbedone.lt is thetaskof thevacuumdepartmento reducethegaspressure
to alevel of 1 nTorr.

e Quantumlifetime in electronstorageringsis just the lossof particlesat the tails
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of the Gaussiarto the beampipewalls or to the RF bucket’s separatrix.As a rule
of thumbthe beampiperesp. the bucket shouldat leastaccomodaté&.50 of the
trans\ersedistribution in the ideal lattice or better10o taking into accountorbit
distortions. This effect limits the maximumemittanceof colliders but is of no
concernfor light sources.

For moreinformationon lifetime seerefs.[60,61, 36, 45].

4.2 Emittance ¢,,

For light sourceemittancds the designcriterion.
Thenaturalhorizontalemittanceof aflat latticein practicalunitsis givenby

ezo[NM-rad] = 1470 (E[Ge\/])Qm (4.15)

Jo(1/0%)

with # the socalledlatticeinvariantor dispersiorns emittance,
H(s) = Vu(5)D(s)* + 20,(s) D(s) D' (5) + B, (s)D'(s)* (4.16)

and(...) anaverageoverthelattice.
The horizontaldampingpartitionnumber.J, is givenby eq.4.2%elow, in mostcases
it is closeto unity.
In caseof anisomagnetidattice,i.e. all magnetdiaving samebendingradius,eq.4.15
simplifiesto
2 (H)mag

ezo[NM-rad] = 1470 (E[GeV]) 7
P

(4.17)

with (.. .)ma; anaveragetakenoverthe magnetsonly.

4.2.1 Minimum emittance

Solvingtheintegral over # andminimizingtheresultin respecto thevaluesof o, 3., D
andD’ atmagnetentreor entranceayivesthetheoreticaminimumemittancg56, 16, 55|.

Assumingthat thereare identical cells with only onetype of bendingmagnetwith
deflectionangle®, andfurtherassuminghat ®/2 < 1, which is valid for mostlight
sourceg® < 20° gives< 1% error),theemittancecanbewrittenas

(E[GeV])? ®°F
Iy 12v/15

with ® the deflectionangleperbendingmagnetin radianand F' > 1 afactordepending
onthelatticetype. Thetheoreticaiminimumemittances achiezedfor F' = 1. Table4.1
givesthe F' valuesfor someexisting light sources:The region of operationgenerallyis
givenby F' > 3.

€zo[nM-rad] = 1470 (4.18)
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Figure4.1: Requirement$o obtainminimumemittancerom a centerbend(left) or from
anendbend(right)

Notethatemittancds independantrom the bendingradius,resp.the magnetidield,
but increasesubicallywith theangleperbendingmagnet.That's why light sourceshave
mary cellswith relatively shortbendingmagnets.

For two basicsituationsasshown in fig. 4.1 the constrainton betafunctionranddis-
persionfor obtaininglowestemittanceandthe minimumfactor F' werecalculated:

e Centerbendingmagnet: The beamhasa focus (o, = D. = 0) at the magnet
center dispersiorandbetafunctioraresymmetricin respecto thebendcenterand
the dispersionis nonzeroeverywhere. Thenwe get, with L = p® the magnet

length:
1

1
e=——L D.=—1° = F=1
b 2v/15 24p
e Endbendingmagnet: The beamentersthe bendingmagnetwith zerodispersion.
Thenwe geta constraintfor the distances of thefocus(whereca, = 0) from the
entranceedgeandfor the betafunctiorat thatfocus:

3 3
=L Bop=tL =— F=3
sr=gl Bar =135

It is interestingto notethefollowing:

e Zerodispersionn the centerof a bendingmagnetdoesnot provide the minimum
emittance.

e A lattice consistingof only centerbendswith dispersioneverywhereprovidesthe
lowestemittanceachievable,it is 3 timeslowerthanin aDBA (doublebendachro-
mat) lattice whereeachcell is madefrom two endbendingmagnets.As a conse-
guencethe DBA lattice of ESRF startingwith dispersionfree straightswas later
tunedinto adispersve modein orderto reducethe emittancdurther[35]. SOLEIL
plansfor adispersve latticeright from thebeginning[30]. Howeverthelocal effec-
tive emittanceelevantfor thebrightnes$iasto includethe projectionof momentum



4.2. EMITTANCE ex0 27

spread; to thehorizontaldimensiorvia dispersiorandis givenby

6w,eﬂ?(s) =€, + exo%(f)ag (4.19)

¢ In TBA andhigherbendachromatgshe endmagnetscontribute mostto emittance,
consequentlyhey shouldbe madeshorterby a factor+/3 in orderto compensate
for thefactor3 largervalueof F' [29].

e FODOlatticesarenotsuitablefor light sourcesinceF’ =~ 100.

e Astobeseenfromtable4.1 ELETTRA almostoperatestthe minimumemittance
achievable for a DBA lattice with dispersionfree straightsections. MAX-2 and
ESRFalsoachieving low F'-valuestake into accounslightly dispersve straights.

We will now investigatethe deviationsfrom ideal emittanceconditions. We restrict
this consideratiorto a lattice with centerbendslike shovn in fig.4.1 (left). Defining
dimensionlesparameters
b — ﬁzc d — DC

ﬂxc,min Dc,min

with theindex ,;;, denotingtheidealvaluesto obtainthe minimum F' = 1. Introducingb

andd into H aftersomealgebradeadsto theequationof anellipse
)
Z(d— 1?2+ (b—F)*=F?
showvn in fig. 4.2. In orderto learnmoreaboutthe cell providing a factor F we impose
constraintson periodicity, i.e. «, = D' = 0 at the entranceandexit of cell. Dueto
symmetrys, and D have samevaluesat entranceandexit anyway. In theapproximation
of smalldeflectionangle® /2 <« 1 thetransfematrix B from centerto exit of thebending

magneis givenby
s (1 L/2 ps?/8
L0 1 ¢/2

with the third columndescribingthe dispersiorproduction.Now let the restof the cell,
from bendexit to cell exit, be describedy amatrix M from which we only know thatit
containsno otherbendingmagnetandthatit is symplecticof coursej.e. |[M| = 1.
Startingfrom the opticalparameterslescribedy b andd in the magnetcenterwe get
theconstrainon M thatthematrix M - B zeroesy, andD'.
We areinterestedn thefull cell betatronphaseadvance¥ andcalculatet from

cos ¥ = Trace M-B(1 0 )(M-B)—1 (1) _01

0 -1
sincethefirst half of thecell is themirrorimageof theseconcdhalf. Finally aftersome

algebrawe arrive at
6 b
¥ = 2 arctan <—7>

V15 (d—3)
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Figure4.2: Ellipsesof constantatios F' of emittancdo minimumemittanceasafunction
of the deviation from ideal dispersionand 3, valuesfor obtainingminimum emittance.
Also shavn arelinesindicatingthe phaseadvancepercell [26].

This equationdescribedines of constant¥ valuein the (b, d) planeintersectingat d=3,
b=0, asshawn in fig.4.2[26]. Reachinghe minimumemittancaequiresa phaseadvance
percell of 284.5. Ideallatticesbasednthosecellshave beenstudied15]: They require
“empty cells” alternatingwith the magnetcells in orderto accomodatehe additional
focusfor obtaininghigh phaseadwance. An exampleof a minimum emittancecell is
shavnin fig.4.3.

Existing light sourcesoperateat ¥ < 180° and accepta larger emittanceof F' ~
3...5, seetable4.1.

The vertical emittanceis producedby coupling and spuriousvertical dispersion
(—sec.6.4).

4.2.2 Emittancein colliders

Collidersneedarge emittancethe upperlimit primarily givenby the aperturerestriction
from thebeampipe. In orderto accomodatéV, standardleviationsin thebeampipeand
to obtaina momentumacceptancat leastaslarge asthe RF momentumacceptancéhe
vacuumchambem, atany locations of thelattice hasto fulfill therequirement

az(5) > Nyy/€20:(5) + D(s) max(N,o,; 2677

acc)

(4.20)
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Figure4.3: Minimum emittancecell: The 10°gradientfree sectorbendingmagnetwith
optimumbetafunctionsanddispersionn the center(b=d=1) createghe minimum emit-
tance(Ex) of 1.5nm -radat 3 GeV. Thetuneadwance(Qx) of 0.7902correspondso the
idealphaseadvanceof ¥ = 360° - AQ, = 284.5°.
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Thefactor2 with 67/ takesinto accountthatthe momentumacceptancéasto keep

particlesfrom the beamcorescatteredn dispersveregions(—sec.5.3).
A minimizationover all latticelocationsgivesthe upperlimit for the emittance.

4.3 Other lattice parameters

In the following we list constraintsanddependanciefr otherlattice parametersvhich
areusuallynot the primary target of lattice design. They neverthelessequirethorough
treatmenbecause¢hey needto beadjustedoreciselyiik e thetunesor they have to bekept
within feasiblerangedik e theenegy lossperturn. We will begin with lattice parameters
commonto all rings and continuewith radiationrelatedparametersvhich are only of
concerrfor electron/positromings.

4.3.1 CircumferenceC

For saring spaceandbuilding costsonewould lik e to make acompacimachine However
small circumferencas not alwaysthe bestneitherin lattice performancenotin cost. In-
sertingsomespacemayrelaxtheoptics,improve theacceptancegtc. It is alsoimportant
to take into accountrom thevery beginningof latticedesignall kindsof spacesequired
for magnetcoils, beampositionmonitors,correctormagnetsabsorberspumps flanges,
etc.

Thecircumferencealsomustbe anintegermultiple of the RF wavelengthC' = hA, ¢,
with A calledthe harmonicnumber A shouldhave a nice prime factor decomposition
allowing differentfilling patterns.

Circumference®f existing machinegangefrom 98 cm in RitsumeikanPSR[3] to
27kmin LEP.

4.3.2 Periodicity Npe

Periodicityis the numberof identicalsupercellsnakingup thetotal lattice. High period-
icity hasfundamentahdwantages:

e simplicity: mostopticscalculationsarebasedn the simplesupercell
e stability: few systematicdesonancegeebelow), betterdynamicacceptance
e costsaving: largerseriesof afew differentcomponents

Periodicityof existingmachinesangedrom 1 in DORISto 40in APS[39.

4.3.3 Working point @;, @,: The tune diagram

The(Q:.Q,)-spacecalledthetunediagramis coveredwith resonanceappearin@gslines
describedy aQ, + bQ, = p. Theresonancerderis givenby a + |b|. If p is aninteger
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Figure4.4: Tunediagramfor ideal(left) andreal(right) lattice of the SwissLight Source.
Solid lines are systematicdashednon-systemati@and dotted skew resonancesLarger
thicknescorrespondthelowerorder Resonancespto 4" orderareshovn. Thecurved
line is thetunewalk for relatve momentundeviationsof +8%, onesegmentcorrespond-
ingto 0.5%.Thebeamstability limit is determinedy reachinghehalf integerresonances
2Q, = 41, 2Q, = 17 andamountgo £5.5%, well beyondthe RF-momentunacceptance
of 4%. For thereallattice includingmultipolarandmisalignmenterrorsa breakdevn in
acceptancaround—2% momentundeviation wasobsenredin trackingandis probably
dueto crossinghe @, + @, = 29 sumresonance.

multiple of N, theresonances systematici.e. amplifiedby thecell structure glseit is

inhibited by periodicity. Evenb identifiesregularandandodd b skew resonancesThe

magnetsn a flat lattice areall of regulartype, seeeq.2.1. Thusneitherskew nor non-

systematigesonanceappeain theideallatice, but shov up in thereallatticeincluding

multipolarandmisalignmentrrors(—ch.6).Figure4.4 givesanexample.
Therearemary constraintdor placingthe working point:

¢ It mustnotbeatintegerto avoid closedorbit instability dueto dipoleerrors.
¢ It mustnotbeathalf integerto avoid beamblow up dueto gradienterrors.

e It mustnot be ata sumresonancéo avoid mutualamplificationof horizontaland
verticalbetatronoscillations.

¢ It hasto stayaway from sextupoleresonancegseenext chapteron acceptances).

e Collidersshouldusea tunecloseabove integer or half integer sincethenthe tune
shift for givenspacechage parameters smallestandcollective two-beamnstabil-
ities arenot excited[14].
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e Hadroncolliderstake musttake into accountesonancespto 12 orderwhile 5°h
orderis usually sufiicient for electronmachinesdueto radiationdamping. Con-
siderabléfree spaces’in thetunediagramfor hadronmachinesareonly available
closeto themaindifferenceresonanceg20].

e Multiturn injectionrequiresa fractionaltuneof > 0.2 in the planeof injectionin
orderfor theinjectedsatelliteto clearthe septumin theturnfollowing injection.

Thereare more constraintson the working point from collective instabilities. Since
the beamalso spreadsout in the tune diagramdue to amplitudeand momentum(see
figure 4.4) dependantuneshiftsanddueto beambeamcollision, it is not easyto find a
goodlocationeventually

Generallythe fractionalpartof the tuneis moreimportantthanthe integer, but most
importantis the flexibility of the lattice to move the tunesindependentlyn the tunedi-
agram,sincethe bestworking point eventuallyis not foundtill operation. Thuslattice
designhasto ensurehis flexibility .

4.3.4 Chromaticities¢,, &,

Chromaticityis the variation of tune with momentumdue to chromaticaberrationsof
the quadrupoleit is givenby eq.5.7andnaturallynegative. Strongquadrupolest large
betafunctiongontribute mostto chromaticity Thuslight sourcesandcollidersboth suf-
fer from large chromaticitydueto the strongfocusing,which in caseof light sources
is distributedalongthe arcsandin caseof collidersis localizedat the mini-3-insertion.
Chromaticityhasto be correctedo zeroor positive valuesby meansof sextupoles.The
nonlinearfield of the sextupolescauseslynamicapertureproblemso bediscussedh the
next chapter Chromaticitycannotbe avoided,however onemaytry duringlattice design
to relaxthe opticsby carefully adjustingspacedo producenot more chromaticitythan
inevitablewhile keepingthelattice performance.

4.3.5 Momentum compactionfactor «

Thedifferencen pathlengthravelledby aparticleat givenrelatve momentundeviation
0 within onerevolution of thereferenceparticleis givenby

1As =qa— 1 with o = % D(S)ds (4.21)
(O 72 c p
with C' the machinecircumferenceand~y the normalizedbeamenepgy. Eq.4.21shows
two competingeffects: For particleswith highermomentunthe pathlengthn themagnet
is longer(«) thusit will bedelayedput sinceit is fasterit will catchup. Themachines
isochronousi.e. all particlesneedthe sametime for oneturn, if v = 1/y/a =: ., called
the transitionenegy. With o ~ 107!...1073 we gety;, ~ 3...30, whichis 1.5...15
MeV for electronsaand3 . . . 30 GeVfor protons.Transitionthusis only relevantfor proton
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synchrotronsyherespecialmeasurefiave to be taken when crossingtransitionenegy
duringtheramp([25].

Concerninghe lattice designonewould like a large valueof « in orderto raisethe
synchrotrorfrequeng andwith it thethresholdor turbulentbunchlengtheningandother
instabilities,andalow valuefor increasinghe RF momentunacceptancer for obtaining
shortbunches.This hasto be decidedrom caseto case However usuallythereareother
dominantdesigncriterialeaving for o not muchto choose.

Latticescanbe madeisochronousy usingnegative dispersionn the bendingmag-
nets. In this casethe next ordera; = d?s/dé? hasto be manipulatedby meansof sex-
tupolesin orderto obtainlongitudinalstability again.

*

We now cometo theradiationrelatedparametersThis concerndnly electronrings,
wheresynchrotronradiationleadsto an equilibrium distribution of the electronsin the
bunchwithin dampingtimesof a few milliseconds. The equilibrium valuescanbe ad-
justedby thelattice design.Generallyradiationdampingis quite welcomesinceit stabi-
lizesthe beamandmalkesthe electrondorgettheir history, however the power consump-
tion dueto radiationbecomegprohibitive for electronenegiesbeyond~ 100GeV.

In hadromrmachinesnsteadheparticlemotionmaybedampedy speciainstallations
like an electroncooler transferingthe entrogy from the hadronsto a denseow-enegy
electronbeam.

In the following we displaya collectionof formulae,mostly taken from Sandq49],
without derivationsonly in orderto illuminatethe mutualdependancieandimplications
on lattice design. Sincewe dealonly with electronmachinesve setthe velocity to the
speedof light andmalke no distinctionbetweermomenturmandenenpy.

4.3.6 EnergylossperturnU
Theenegy lossperturnis givenby
UlkeV] = 26.5(E[GeV])® B[T] (4.22)

Smallmachine=itherusehighfield bendingmagnet®r installadditionalwigglerslikein
DA®NE [5] or VEPP-2M[24] in orderto increasahe radiationandgetshorterdamping
timesfrom eq.4.25.In compactight sourcesighfield magnetanyway meetthedemand
for highercritical enegy of theradiation,seeeq.4.6.

In contrarylarge machineperatewith low field magnetsn orderto keepthe power
consumptiornwithin limits. Concerningoeamenegy LEP certainlyrepresentshe high
endof electronrings: With a field of only 0.1 T makingup the large circumferenceof
27 km the electronsandpositrondoose3 GeV perturn. With 2x2.5mA beamcurrents
thisleadsto a RF powerconsumptiorof 15MW [23]. In normalconductingavities most
of the power is dissipatedn the cavity walls andit thusincreasesvith the squareof the
RFvoltageV;s (whichhasto belargerthanU, seeeq.4.23) With superconductingavities
thebeamloadingdominatesandthe power follows U linearly.
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4.3.7 Synchronousphasey;

Like the closedorbit in the trans\ersethe longitudinalfix pointis givenwhenthe bunch
is locatedatthe so calledsynchronoughasewherethe RF voltageexactly compensates
theradiationloss:

sings =U/V, 5 (4.23)
Every momentunor phaseadeviationresultsin synchrotroroscillationwhichreturnto the
synchronouphaseby radiationdamping.

4.3.8 RF Momentum acceptance’’/

acc

TheRF momentunmacceptance theheightof thebucketatsynchronouphaseandgiven
by

2U )\,
5;({(: = \/ﬁ(cot Ps -+ Ps — 7T/2) (424)

A low valueof the“longitudinaldriftspace’aC' increasethemomentunacceptancéom
thelatticeside.Everythingelseis subjectto RF-design.

4.3.9 Dampingtimesand partition numbersr;, J;

Thedampingtimesdependntheenegy lossperturn andarein flat latticesgivenby

2CFE .
T = ¢ i=uxz;y;s with Jr=1-D Jy=1 J;,=2+7D (4.25)
CUJZ
wherethe quantityD is givenby
1
D= / D(5)(b(s)? — 2by(s))ds (4.26)
T Jmag

The integral is only to be taken over the bendingmagnetswvhereb, # 0. If the bend-
ing magnetsalso uselarge gradientslike in somelow emittancelattice conceptq34],
thegradientshave to be adjustecdcarefullyin orderto ensuredamping,in all dimensions:
—2 < D < 1. In aseparatdunction lattice with no gradientin the bends,D is propor
tional to « andthussmallin mostlattices.Notethat}" J; = 4, i.e. thedampingmaybe
shiftedbetweerthe dimensionsut the sumis limited.

4.3.10 Energy spreado,

Thermsrelative enegy (or momentumppreads givenby

o, = 6.64-107* - \/BIT] E[GeV]/J, (4.27)

Obviously lattice designcando little on manipulatingthe enegy spreadassuminghat
beamenegy and bendingfield have beenalreadychosenfor otherreason. This is a
problemfor Tau-charmfactoriesbecausehe J/ resonancet 3.1 GeV c.m. is only
87 keV wide [42], but theabsoluteenegy spreadrom eq.4.2Avouldbeos . E ~ 1 MeV.
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4.3.11 Bunchlength o,
Rmsbunchlengthis givenby

Oy = Oe\/%g)\’f tan g (4.28)
Again, like with the momentumacceptancethe RF-designrhasmoreinfluencethanthe

lattice designsincethe lattice quantitiesa, E, U, C affectingo, arealreadyassignedo

otherrequirements.

Collidersprefershortbunchessincetherequirement, > o, hasto befulfilled. Light
sourcegreferlongerbunchedor increasinghe Touschekifetime. Unfortunatelyboth
machinetypesgetthe oppositeof whatthey want: The momentumcompactiorfactor«
from eq.4.21dependn the averagedispersionn the bendingmagnetswhich againis
relatedto theemittancgseebelow). Thuscolliderswith largeemittancegetlongbunches
andlight sourceswith low emittanceget shortbunches.A way out for light sourcess
installationof a higherharmoniccavity for bunchlengthenind54][31].
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Chapter 5

Acceptance

5.1 Acceptancedefinition

Closedorbit stability is not enough. The lattice hasto acceptparticleswith deviations
from the ideal orbit in all six coordinatest, p,, v, py, 6 and As in orderto provide
sufficientbeamlifetime andto allow multiturninjection.

We distinguishphysicalacceptancesjeterminedby the beampipe diameters,and
dynamicacceptanceslefinedby the onsetof chaoticor instablemotionandparticleloss
beyond somecritical amplitudedue to nonlinearresonances.Generallyacceptances
definedby the 6-dimensionaphasespacevolumewhereparticlesarestable,i.e. where
they performboundedscillations.In mostmachineghe couplingbetweerthesubspaces
is not too strongso we may separaténorizontal,verticalandlongitudinalacceptancas
projectionsrom 6D to 2D-spaces.

Thentheacceptanceareinvariantsof thelatticelik e the Courant-Sgderinvariantin
caseof linearuncoupledoetatronrmotion. Local projectionsof the trans\erseacceptance
to realspace{z, y} give thedynamicapertureswhich arenotinvariants.Thetrans\erse
acceptances usuallymeasureth mm-mrad,theaperturéen mm. Notethatdynamicaper
tureplotslike fig. 5.7 aspresentedrequentlyfor characterizatiowf lattice performance
have little meaningf thelocal betafunctioris not mentioned.

It is unusualto mentionthe 2D longitudinalacceptancef the RF bucket, insteadits
projectionto theaxisof relative momentundeviationd, calledRF momentunacceptance,
is quoted.

Determinationof dynamicacceptancés not trivial, sincethe equationsof motion
are nonlinearandthus not integrableusually Stability of motion hasto be proven by
simulation,i.e. probingpointsin 6D-spaceon stability by tracking. A testparticleis
consideredo be stableif it survivesthe tracking,i.e. its amplitudesstay within some
limits. Of coursethis depend®nthe numberof turnsto betracked. Electrondortunately
"forget” their history dueto radiationdamping,thustrackingone dampingtime usually
is enough(102 . .. 10* turns). With protonsmary moreturnsneedto betracked (> 10°).
However during primal lattice design,evenshorttermtracking(~100turns)is sufficient
to testthe lattice acceptanceat leastto rejectbad designs,sinceof coursethe results

37
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becomeonly worsewith moreturns.

It is agenerakriterionfor lattice performancethatthe puredynamicacceptance,e.
the phasespaceseparatrixcalculatedexcluding the cut off beyond beampipeshouldbe
larger than the physicalacceptance.To achieve this requiresa lot of effort in modern
latticessuffering from large nonlineardistortionsof thedynamicsdueto strongsextupole
magnetsneededor correctionof the large chromaticities. Puretrial anderror will not
succeeda stratgy for deliberateoptimizationof acceptances required.

5.2 Physicalacceptance

An initial lattice designcomposedrom ideal quadrupolesand bendingmagnetshasa
purelylineardynamicsandthe dynamicacceptances thusinfinitely wide. (Actually this
is not exactly true, sincethe equationsof motionshad beenderved assumingparaxial
motion,i.e. "small” deviationsfrom the closedorbit, like z < p.)

A particlehoweverwill belostif |z(s)| > a,(s) wherea,(s) is the half width of the
vacuumchamber The linearbetatronmotionz(s) of a particleis givenby eq.3.1.Since
we considemary turnswe drop the betatronphaseandfind the physicalacceptancas
the maximumpossiblebetatroramplitude, A = 2.J,,,,., by identifying z(s) with its limit
a,(s) andtakingtheminimumfrom all locationsin thelattice:

_ ((ass) = D(s) -8
A= ( 5(s) ) &-1)

Since A, is aninvariantof the linear betatronmotion we getthe local projectionof the
acceptanca,e. theminimumandmaximumz-valuesthatthe particleis justnotlostfrom

eq.3.1:
x(s) = £\/ Ay - Bu(s) + D(s) - § (5.2)

5.3 Momentum acceptance

Momentumand phaseacceptanceas provided by the RF bucket heightand length can
be consideredik e longitudinalphysicalacceptanceslthoughthey aredynamicactually
becausehey are usually constantalong the lattice and decoupledirom the trans\erse
dynamics.

But momentumacceptancés alsorestrictedby the trans\erseacceptancef the lat-
tice: From eq. 5.1 we also seethat A, disappeardor momentumdeviations |§| >
min(a,(s)/|D(s)|, i.e. whenthe closedorbit hits the vacuumchamber

Momentumacceptancef thelatticeis relevantfor the beamlife time, usuallydeter
minedby scatteringevents,eitherwithin the bunch(Touschekeffect) or with a colliding
bunch (beambeambremsstrahlungdr with residualgasatomsor by emissionof syn-
chrotronradiationquanta. Theseeventscausea suddenchangein particle momentum
while leaving the trans\ersecoordinatesalmostconstant. After the scatteringeventthe
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particlevectoris givenby (=~ 0,~ 0,~ 0,~ 0,4, 0) sincetheB scatteregarticlescome
from thebeamcorewherethetrans\ersecoordinatesirevery small. Now theparticlewill
starta betatronoscillationrelative to the dispersve closedorbit. For a linear lattice the
amplitudeof this oscillationis givenby

Az = Y20(Do6)? 4 2056(D0) (DL5) + Bro(DL6)? = Ho6? (5.3)

with o, B0, V2o thetwiss paramterst location“0” wherethe scatteringeventocurred,
D,, D! thedispersiorandits slopeand#,, thelatticeinvariantfrom eq.4.16.

The particleswill performoscillationsaccordingto eq. 3.1 resultingat anotheroca-
tion s in the maximumexcursion

7(5) = /4B (5) + D(5)6 = (y/HoBils) + D(5)) -6 (5.4)

Like in derivation of eq. 5.1 we identify z with a, asloss criterion and get the local
momentumacceptancéor location“0” as

acc(8o) = £ min ( 02 (5) ) (5.5)

vV Hols(s) 4+ |D(s)]

Thusthe momentumacceptancerovidedby thelattice variesfor differentlocationsand
is theminor of the valuesfrom eq.5.5andthe RF momentunmacceptancehich doesnot
vary alongthelattice.
Fromeq.5.5maybeeasilyshavn thatthelatticemomentunacceptancatlocationof
maximumdispersions approximatelyhalf of it in adispersiorfreeregion.
Beamlifetime calculationsfinally have to integratescatteringratesand momentum
acceptancesverthelattice[53].

5.4 Chromaticity correction

Dynamicacceptancef alinearlatticeis identicalto the physicaloneandthe momentum
acceptancés determineduy linear dispersioror by the RF bucket size. But this picture
is spoiledcompletelyby the chromaticity: Due to chromaticaberrationf the focusing
elementghe machinetunebecomes linear, falling functionof momentumy. Thechro-
maticity ¢ = dQ@/dd is a negative numberwhich may be ratherlarge if the lattice has
strongfocusingelementdik e it is the casein high brightnesdight sourcesaswell asin

high luminosity particlefactories.

Large negative chromaticitymustnot betoleratedfor two reasons:

e Themachinetunehasto stayaway from integeror half integernumbersotherwise
field or gradienterrorswill amplify coherentlyanddestry the beam(—sec.6.2).
Thusevenin the optimumcaseof frac()=0.25the momentumacceptances re-
strictedto |§| < 1/(4¢) which givesan unacceptablsmall numberfor mostma-
chines.
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e Negative chromaticityexcitesthe fundamentamodeof the headtail instability, a
collective oscillationof electronan headandtail of the bunchleadingto very fast
beamloss. Suppressionf the fundamentamoderequiresnonnegatve chromatic-
ity [11].

Sextupolesn dispersveregionsof thelatticeareusedto compensatthechromaticity:
From eq.2.6we getthe chromatickick errorfor a particlewith momentumdeviation §
traversinga quadrupolef integratedstrengthb, L

Az’ = by Low Ay = —by Loy

In adispersve region, wherez; = D§ + z, y; = y thekick provided by a sextupoleis
givenby (keepingup to secondrdersin productsof 4,  andy)

Az' = —[2bsLD8)z — by L(DJ)? — b3 L(x* — y?)
(5.6)
Ay' = [2bsL D)y + 2bsLDxy

Obviously the termsin squarebracletsactlike a quadrupoleandthusmay compensate
the chromaticerrorsfrom the quadrupolesf sextupolestrengthanddispersiorareprop-
erly chosenNeglectingcontributionsfrom bendingmagnetghe chromaticityasis given
by [48, 12]

b= 1 F OhIDE) ~b()Bls)ds &= 1§ (~2bs(5)Dls) + ba(s))5 () ds
mJc dm Jo
(5.7)
Lookingateq.5.6we noticethatthereareothertermsthanthedesiredbnesandin fact
thesetermscauseseriousproblemsandleadto thelarge subjectof dynamic acceptance:
With theintroductionof sextupolestheequation®f motionbecomenonlinearandusually
cannotbeintegratedany longer In [4] this effectis aptly referredto as“openingof Pan-
dorasbox”: Fromherewe canonly proceedy perturbatiortheory derive new quantities
thatwe optimizeby introducingthe sextupolesin a clever way, but neverthelessbeyond
sometrans\erseamplitudethe motionwill becomeunstablehusdefiningfinite dynamic
acceptancesdt will bethegoalof thelatticedesignto createa dynamicacceptanc&rger
thanthe physicalacceptance.

5.5 The sextupoleHamiltonian

Dynamicacceptanceptimizationwill attackthe sextupole Hamiltonianby suppressing
somecomponentaindadjustingothersfor compensationf chromaticquadrupolesrrors.
In the scopeof practicallattice designwe will not presenthe derivationof the required
guantitiesbut just quotethe resultsfrom ref. [4]: The sextupolesaretreatedas pertur
bationof the linear Hamiltonian. Linearindependantermsof differentfrequenciesi.e.
differentmultiplesof betatronphasesare collectedandtreatedseparately Integrations
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overthefieldsarereplacedy sumsoverintegratedstrengthesindertheassumptionghat
the magnetsare shortandthe variation of beamparametersnside the magnetss neg-
ligible. In contraryto mary authorsno Fourier transformatiorfor obtainingparticular
resonancerive termsis done,but thewhole Hamiltonianassourceof all resonancerive
termsis suppressedght from the beginning. The singleresonancepproachs suitable
for latticeswhereoneor a few resonancedetermineghe dynamicsandhasbeenwidely
andsuccessfullyapplied[59, 1, 40,46], howeverin constrainednodernlatticeswith low
periodicityandstrongsextupolesmary resonancesontrilbuteto dynamicaperturedegra-
dation.
Thecomponentsf thefirst order(in sextupolestrength!)Hamiltonianaregivenby [4]

hjklmp (&8 Zyzzjsem(bd)nﬂ:m% Byri 77%61{(9*19)¢mn+(l7m)¢yn}

4k lmo (5.8)

- Zﬁquad(bﬂ)nﬁmﬁ ,Byn2 6Z{(7_k)¢’”"+(l_m)¢yn}
p#0

Thereare4 chromaticterms,with alsothe quadrupolegontrikuting:

e hi1001 @ndhggi11 arejustthe chromaticitiescompareto eq.5.7: Quadrupolesand
sextupolescontribute additive, independanof the betatronphase.

® hagoo1 andhggggr drive off-momentunk@),, 2@, resonanceandcausebetafunction
beatsi3/ds and2™¢ orderchromaticityasshovn in [4]

Thereare5 purelygeometriderms:

e hoi900 @andhig11o driveintegerresonancesf type@,.
o hsg00 drives3™ integerresonancesq,.

o hig200 @andhqggo drive couplingresonanceg), + 20),.

It is instructve to draw vectordiagramsasshawn in figure 5.5 (upperright) with the
contribution from every sextupole(andquadrupolepsa vector thelengthgivenby local
betafunctionanddispersiorandthe magnetintegratedstrength,andthe anglegiven by
the combinationof betatrorphasesccordingo theresonancéamily considered.

Looking atthesevectordiagramsve mayguesgshatappropriatalistributionsof sex-
tupolesaroundthe lattice could be found, whereall first ordertermsof the sextupole
Hamiltoniandisappearin orderto find thesepatterswe maywrite eq.5.8 aslinearsys-
tem: With the N,.,; sextupolesgroupedinto S familiesV; ... Ng (amagnetfamily is a
commorgcircuit, i.e. all member$iave thesamestrength)ve maywrite the9 equationgs
aproductof a9 x S matrix of beamparametersvith the S-vectorof sextupolestrengthes,
becaus¢hefirst orderHamiltonianis linearin sextupolestrength.The9-dimensionabec-
tor on theright sideis eitherzerofor the geometrictermsof containsthe sumsover the
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guadrupolecontritutions. The matrix elementsn columns aresumsover all sextupoles
belongingto thefamily s (s =1...5):

jtk  l4m . Nguad
( Z (b3l)nﬂa;'r% ﬂynz ngez{(J—k)¢mn+(l—m)¢yn}> X ((bSZ)s)le = ( Z (b2l)n . )
9% 9x1

neEN; S "
(5.9)
Looking at a symmetrypoint of the lattice whereall imaginarytermscancel we see
that 9 independansextupole allow us to solve the systemand suppresghe sextupole
Hamiltonianin first ordercompletely In reality however we have to faceseveral prob-
lems:

1. The linear systemhasthe tendeng to degeneratethe rank dropsto 8 or 7 and
no solutioncanbe found, or the solutionreturnsunacceptablealuesof sextupole
strength.In particularthis is the casefor high brightnesdight sourceswherethe
phaseadwancepercell is closeto 180° for reason®f low emittancg— figure4.2).
In this casehanger becomeproportionalo b1, thechromaticityitself, thelattice
will suffer from very low momentunacceptancedueto 2" orderchromaticityand
no sextupolepatternexiststo curethis.

2. Thecancellatiorof sextupolesworks on summatiorover severalinterleared fami-
liesof sextupoles.Howeverlocally in thelattice,betweersextupoles nonlineardis-
tortionsof betatronmotion may appearand causehigherordersextupolareffects,
correspondingo a crosstalkbetweenthe sextupoles. The Hamiltoniancontains
anotherl3termsof secondrderin sextupolestrengthasderivedin [4]:

e 3termsarethelineartuneshiftswith amplitude:
0Qz/0Jy, 0Q4/0Jy = 0Qy/0J, andoQ,/dJ,

¢ 8 termsareoctupolelike andthusdrive differentmodesof octupolarreso-
nances:
4@:6! 2@;5‘ :t 2Qy! 4Qy! 2Q.’E! 2Qy

e 2termsgeneratehe2™® orderchromaticities0*Q,/06? andd*Q,, /96>

3. All termsareobtainedrom perturbatiortheory howeverdependingnthestrength
of thenonlinearitiesn thelatticethedesireddynamicaperturdimitation maybeat
amplitudesbeyondthe validity of perturbatiortheory Thusit is never possibleto
guarente¢hata goodsextupolepatternin factwill providelargedynamicaperture.
A bit of luck is alwaysrequiredof course howeverin thenext sectionwe will plan
our strateyy.

5.6 Optimization of sextupolepatterns

We will establisrsomeguidelinesonhow to placethe sextupoles:
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5.6.1 Chromaticity correction

For chromaticitycorrectionalonewe need?2 families of sextupolesin regionsof large

dispersion As olviousfrom eq.5.7 the sextupolesfor horizontalcorrectionshouldbe at

locationswerethe horizontalbetais large andthe vertical betais small, andvice versa
for theverticalcorrection potherwisethe 2 familieswould actagainsieachotherandpush
up the sextupolestrength.It is essentiato placethe chromaticitysextupolesdeliberately
in orderto keeptheir strengthlow andwith it all termsof the Hamiltonian. In arelaxed

latticewith low chromaticitylik e aboostersynchrotrorprobablycouldhave, thedynamic
aperturanight alreadybe goodenoughwith 2 familiesandwe aredone.

5.6.2 Sextupolesn quadrupoles

Looking at eq. 5.8 we may guessthat the bestplacesfor sextupolesare at exactly the
samelocationlik e the quadrupolesgitherby building hybrid magnetsor by mounting
themvery closeto eachother Thenall chromaticmodesare correctedexactly where
they arecreated.Additional small sextupolescould help to cancelthe geometricnodes
too. However the strengthe®f the multipoleswould be correlatedoy b3 = b,/ D where
thedispersionD of courses a globalfunctionof thelattice andaffectedby all magnets.
Thus a lattice of this type would have only one mode of operationand no flexibility .
Furthermoredhe purpose®f the machinesusuallyrequiredispersionfreesectionsvhere
nevertheleshromaticityis createdoo. For examplethe interactionregion of a collider
is equippedwith strongquadrupole®peratingat large betafunctiongmini-3-insertion)
thuscreatingthemajorpartof themachineshromaticitywhich hasto betransportednto
thearcsandcorrectedhere.

5.6.3 Non-interleaved sextupoles

Anotherelegantway to suppresshe sextupole Hamiltonianevenin higherorderis the
useof non-interleaed sextupoles[37] like successfullyappliedto the KEK B-factory:
Chromaticity correctionis donewith pairs of sextupolesapart0.5in tune (or 180° in
betatronphase)the so called” —I-transformer”. Thenthe kicks from the sextupoleson
on-momentunparticlescancelexactly. Sincethereareno sextupolesfrom otherfamilies
betweenthe two sextupole pairsall nonlineardistortionis hiddenandno crosstalkand
higherordereffectscanbegeneratedThedravbackof this solutionis, thatit needsnmuch
spacej.e. increaseshering circumferenceandthatthechromatic2), modeis amplified
coherentlyleadingto reductionof momentumacceptancerhusit is notapplicableto all
machines.

5.6.4 Multicell cancellation

If therearelarge arcsin the lattice consistingof somenumberN of identicalcellswith
tune advancesAQ,, AQ, per cell, the sextupole vectorsas shavn in figures5.5 will
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Figure5.1: Triple BendAchromatof the SwissLight Source(two of 12 TBAs showvn)

cancelo zerofor all modesof theHamiltonianif all productsVAQ,, SNAQ,, 2NAQ,,
2NAQ, areintegers.

Example: The cell of alight sourcemay have tuneadvancesof AQ, = 0.4 in order
to getlow emittanceand AQ, = 0.1. If thereare5 cells perarcall productsbecome
integersandwe may hopefor gooddynamicacceptancesHowever if we pushthetune
advanceper cell furtherto AQ, = 0.45 to get even lower emittance the cancellation
breaksdown, in particularfor the 2N AQ, amountingto a half integernow andwe have
to expectproblemswith trans\erseandmomentunmacceptance.

5.6.5 Cancellationbetweensections

If thereareno multicell arcswe still may play sectionsof the lattice againsteachother
Insteadof usingpairsof sextupoleshalf integerapartwe may usea whole lattice section
andits mirror image.

Example:The SwissLight Source(SLS)lattice consistsof 12 TBAs alternatingwith
dispersiorfreestraightsectiondor the experimentg51], seefigure5.1.

An horizontaltune advanceof aboutAQ, = 1.75 = 7/4 per TBA wasfound to
provide low emittanceandcorvenientbeamparameters the straights.Theverticaltune
was setto aboutAQ, = 0.75 = 3/4. Thusthe 2Q), and2Q, modescancelbetween
two TBAs andthe Q, and3(@, modescancelbetweentwo TBA pairs. Of coursethe
lattice mustnot have integer total tunes,furthermore the TBAs arenot identical, since
thestraightsareof differentlength,sosometrial anderrorwasrequiredto find asolution
neartheidealcancellatiorconditionsat AQ, = 1.735 andAQ, = 0.69 eventually

5.6.6 Implications on linear lattice design

Fromthe considerationsn minimizing the sextupoleHamiltonianwe obtainanessential
guidelinefor latticedesign:
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For latticeswith large chromaticiteghigh brightnesdight sourceshigh luminosity
particle factories)linear and nonlinearlattice designare not decoupled. One mustnot
proceedvy designingthe bendingmagnetandquadrupolearrangementirst andaddthe
sextupoledlater. Insteadrom the earlyplanningof thelatticethe sextupolepatternhasto
betakeninto account.

5.6.7 Designtool

An automatedlesigntool is requiredto minimize the sextupoleHamiltonianfor a given
lattice. The tool shouldinclude 1st ordertermsand from the 2nd ordertermsat least
the amplitudedependantuneshifts. The squaresumof all termswith weightfactorsas
choserby trial anderrorformsa penaltyfunctionfor the minimizer The “knobs” to be
adjustedby the minimizerarethe sextupolestrengthesf course[38]

Generallyoneshouldnot try to correctsecondordertermson expenseof first order
termssincethe secondrdersaregeneratedby crosstalkbetweerfirst orderterms. Only
theamplitudedependantuneshiftsareanexceptionto someamountsincethey mayreact
very sensitve. In contrarythe secondrderchromaticitiesaremostlyrather“stiff”.

Minimization canberathertime consumingn particularwhensecondrdertermsare
involved. Sincethey are doublesumsthe numberof summationggoeswith the square
of the numberof sextupolesin the lattice whereashe first ordersgo only linear For
calculationof secondorderchromaticitesiaumericaldifferentiationof the off-momentum
closedorbit performssuperiorto the evaluationof theanalyticexpression$4].

Eventuallytrackingdetermineshe dynamicacceptancandproveswhetherthe opti-
mizationwassuccessful.

5.7 Other sourcesof dynamic acceptancedegradation

Sextupolesareusuallythe dominantsourceof nonlinearity Their patternsareoptimized
basedntheideallattice. In realityalignmentandmagnemultipolarerrorsalsointroduce
nonlinearitiesandthus attackthe dynamicaperture. This will be discussedn the next
chapter

In colliders of coursethe beambeameffect actsas an extremely strongnonlinear
elementput thisis alarge subjectonits own.

5.8 Example

5.8.1 ESRFDBA lattice

As an examplewe consideran early optics modeof the ESRFlattice asshowvn in fig-
ure5.2: It consistsf 32 DBAs tunedfor low emittanceandalternatingstraightsections
with highandlow betaoptics,theperiodicitythusis 16. OnesextupolenamedSFfor cor-
rectionof horizontalchromaticityis placedat optimumlocationin the DBA centrewhere
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Figure5.2: DoubleBendAchromatof the EuropearSynchrotrorRadiationFacility in an
earlyopticsmode

dispersionand 3, arelarge and 3, is small. Two sextupolesSD for vertical correction
hadto beplacedatlesscorvenientiocationswith lower dispersiorbecaus¢hedispersion
alwaysfollows .. In the straightsectionsarefour auxiliary sextupolefamiliesS1-4for
cancellatiorof geometriderms.

5.8.2 Linear lattice

If all sextupolesare switched off, there are only chromaticterms generatedoy the
guadrupolesn the Hamiltonianasshawn in figure5.3. Thegeometridermsarezeroand
thetrans\ersedynamicacceptanceareunlimited. Howeverthemomentunacceptances
lessthan+0.5% in § sincethe @, movestowardsintegerdueto thelarge chromaticityas
shawvnin fig. 5.4. Futhermorehe head-tailinstability would not allow to storeabeam.

5.8.3 Chromaticity correction

If the two sextupole families SF and SD are setfor zero chromaticitywe only cancel
the hi1001 @andhgp111 termsandblow up all the others,seefigure 5.5. As we seefrom

figure 5.6 closedorbits shouldexist within 2.5% of ¢, theinterval beinglimited by 274

orderchromaticity But the horizontaldynamicapertureasshovn in fig 5.7 becamevery
smallandwould notallow injection.
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Figure5.3: Sextupole Hamiltonian: All sextupolesswitchedoff. First (top) andsecond
(bottom)ordertermsof the sextupoleHamiltonian. Numbersreferto the valuesof 2.J,,
2.J, ands denotedn the upperleft andmultiplied by a factor10°® to gethandynumbers.
Lower right shawvs a control panelfor the sextupole strengthes.Only the quadrupoles
contrituteto the chromaticterms.

5.8.4 First order optimization

Figure5.8 shavs the sextupoleHamiltonianafterminimizing the 9 first ordertermsfrom
ed.5.8 by adjustingthe four auxiliary families. Theimprovementin dynamicaperturds
spectaculaasseenfrom figure’5.10. Also theinterval of closedorbit existencemproved
to almost+5% asseenfrom figure 5.9 becausehe secondordertermsto someextent
follow thefirst ordertermssincethey areproducedoy crosstalkdetweerthem.

5.8.5 Secondorder optimization

Minimizing some2™? orderterms,in particularthe amplitudedependantune shifts, on
expenseof the first ordersas shavn in figure 5.11 gainssomemore dynamicaperture
asshawn in figure 5.13 but not muchin momentumacceptanceseefigure 5.12. It can
be seenthatevenhigherordersof chromaticitybecomedominantnow. SinceESRFhas
a large periodicity of 16 it was possibleto obtain comparableresultsbasedon single
resonancelecompositiorj46].
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Figure5.4: Tunevs. momentum:All sextupolesswitchedoff. Without chromaticity
correction,the horizontaltune shifts towardsan integer for small momentumdeviation
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Figure5.5: SextupoleHamiltonian:Only chromaticsextupolesSFE SD switchedon. The
upperright presentshevectordiagramfor theintegerdriving termhs090. PONveringonly
thechromaticfamiliescorrectshe chromaticitybut excitesall the geometrionodes.
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Figure5.6: Tunevs. momentum:Only chromaticsextupolesSE SD switchedon. The
linear chromaticityhasbeencorrectedo zero, i.e the curve of tunevs. momentumhas
noslopeatd = 0. Theclosedorbit reachesntegerat muchlargermomentundeviations
now dueto secondrderchromaticity
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Figure5.7: Dynamicaperture Only chromaticsextupoles.Thehorizontaldynamicaper
turedoesnotreachatall the physicalaperture The framingrectanglecorrespondso the
double sizedbeampipetransformedo thetrackpointaccordingo eq.5.1.
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Figure5.8: Sextupole Hamiltonian: First orderoptimization. A minimizationof the 5
first ordergeometrictermswasdone,keepingthe chromaticitiesat zeroand neglecting
the2@),, 20, modessincethey arenotaccessibldy thefamiliesS1-S4danyway (because
they sit at dispersionfredocations) which werethe “knobs” for the minimizer. Now the
vectordiagramvectordiagramfor theintegerdriving termhs;900 hascollapsedAlso note
how thesecondrdertermsdecreasedlthoughthey werenotcontrolledoy theminimizer.
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Figure5.9: Tunevs. momentum®Firstorderoptimization.Dueto decreasef thesecond
orderchromaticityduringthe minimizationprocesshemaigin for theclosedorbit to stay
away from anintegerhasincreasedubstantially
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Figure 5.10: Dynamic aperture:First order optimization. Comparedo figure 5.7 the
improvementis significant: Now the horizontaldynamicapertureexceedsthe physical
aperture.The framing rectanglecorrespondso transformatiorof the double beampipe
sizeaccordingto eq.5.1.

Penalty = 1.9E+0003 ax 21000
Chrom-X 5.0000
Chrom-Y 0.0000
Ax 21000  4.5419 | —
30x 30000 8.1772 ——
Qx 10110 2.0157 (-
x-2Qy 10020 3.8616 (—
Qx+2Qy 10200 12.5717 (I
20x 20001 1.4249 -
2Qy 00201 0.5322 m
2)x = 40.00 um
2Jx = 40.00 wm
dp/p = 1.00 %
| I B o~
dQx/dJx -8.0012 — §E 31434 [ — ]
dQx,y/dJy,x  12.0988 —— 33 157 | — — &
dQy/dJy 8.0316 — Sy 2.40 | — — &
S2 2.17 | I =
20x 31000 5.0322 — 3 o | =
£Qx 40000 1.0431 - &
20x 20110 2.1525 (— 2
20y 11200 1.9372 -
2Q0x-2Qy 20020 4.1611 — =
2Qx+2Qy 20200 0.3077 n S
20y 00310 3.2879 (— i
4Qy 00400 0.0835 I &
2
2.0. Chrom-X -16.8093 —— %
2.0. Chrom-Y -2.9194 (— =
I
Quads_included 2
S

Figure5.11: SextupoleHamiltonian: Secondorderoptimization. Also secondorderhad
beenincludedin theminimization.Largeweightshadbeensetto theamplitudedependant
tunetermsandto the secondrderchromaticity All secondordersarereducedhowever
partially on the expenseof the first orders. Sincethereare only 4 degreesof freedom
(6 sextupole famlies, but 2 fixed by the demandfor exact chromaticityvalues)trying
differentweight factorsselectssometermsof the Hamiltonianto be suppressedn the
expenseof others.Distributedweightsleadto a compromisesolutionwith the strengthes
of theadditionalsextupolesrelaed.
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Figure5.12: Tunevs. momentum:Secondorderoptimization. Little haschangedcom-
paredto figure 5.9. Therewasslightincreaseof the magin for the closedorbit to stay
away from anintegerby settingthe horizontalchromaticityto £, = +5 in orderto “fold”
thecurne @, (9) into theinterval.
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Figure5.13: Dynamicaperture:Secondorderoptimization. The dynamicaperturehas
improvedagaincomparedo figure5.10,howeverin anasymmetriavay sincetheinteger
termcameupagain,seefigure5.11. Theframingrectanglecorrespondso transformation
of thedouble beampipe sizeaccordingo eq.5.1.



Chapter 6

Lattice errors

6.1 Error sources

All lattice designwork up to now wasbasedon theideallattice. Eventuallythe final de-
signphasdeststherobustnes®f lattice performancenddevelopescuresagainstvarious
errorsourceselatedto theimperfectionof reality:

Alignment errorscausetranslationsand rotationsof magnets. The namingderved
from nauticaltermsis sway, heave andsuigefor horizontal,verticalandlongitudinaldis-
placementsnd pitch, yaw androll for correspondingotations. Sway (Az) and hease
(Ay) applykicks to the beambecausédrans\ersedisplacementsf all magnetgprovide a
dipole downfeedandthusgeneratehe closeorbit distortion. Quadrupoleolls and sex-
tupolehearespresenskew quadrupoldieldsandthusleadto linearcoupling.Dipolerolls
alsoexcite vertical orbit distortions. Suige, pitch andyaw errorsare usuallynegligible.
Misalignmentsarerandomlydistributedand static, but they may be partially correlated
if magnetgroupsaremountedon girders,or they canbefully correlatedanddynamicif
causedy groundvibrations.

Multipolar errorsin magnetsexcite higherorderresonanceandthusattackthe dy-
namicaperturebut do notdistorttheorbit. Sometypesof multipolarerrorsaresystematic
deviationsfrom theidealfields,othersarerandomdeviationsdifferentfor eachindividual
magnet.

Randomerrorsof coursedo not follow the lattice periodicity and thus excite non
systematicesonancethathadbeenexcludedfor theideallatticeby symmetry Coupling
andhigherorderskew multipole errorsalso excite skew resonancesThe tunediagram
becomesdensavebof resonancénesnow. If theideallattice’sworking pointhadbeen
setneara skew or non-systematicesonancenfortunatelya badsurprisemaycomeup.

Finally dynamicacceptanc&ackingstudiesonthereallatticeleadto tolerancdimits
for the mechanicakngineeringandfor the magnetmultipole contents.In modernma-
chinestheorderof magnitudesrerathersmall,< 0.1 mmfor thealignmentsaand< 103
for the multipole componentsn the magnetqexpressedasrelative field componentat
poletip). Neverthelessarefulclosedorbit correctionor even correctionof the coupling
by meansof skew quadrupoless still mandatory

53
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Figure6.1: At largebetafunctionj.e. flat phasespaceellipse,(left) thebeamis moresen-
sitive to a trans\ersekick thanat low betafunctiorn(right). The dottedelllipseis required
to accepthekickedbeam.

6.2 Closedorbit distortions

For theideallatticethe closedorbit is everywherezerofor 6 = 0 andgivenby D(s)é for

d # 0. In thereallattice trans\ersekicks causedy dipoleerrors, Az’ = [ AB,ds/(Bp)

excite a nonzeroclosedorbit. If the kicks aretoo strongit may happenthat no closed
orbit exists.

6.2.1 Dipolar errors

The integratedkicks from a quadrupolewith trans\ersedisplacementé\z and Ay are
givenfrom eq.2.6:

Az = —byL - Az Ay' = byL - Ay (6.1)
Thekicks from a sextupolearegivenby
Ax' = —bsL - (Ax* — Ay?) Ay =2b3L - AzAy (6.2)

A sextupolethusgeneratesouplingbetweerthetrans\erseplanesvhereas quadrupole
doesnot.
A singlekick Az} atlocations; will createa closedorbit oscillationgivenby*

Teo(8) = %Awé cos(Pz(8) — Ppi — TQ2) (6.3)

with 3,¢ betafunction and betatronphaseand Q the machinetune. As we seethe
tune hasto stay away from integer otherwisethe closedorbit oscillation will become
very large. We further seethat a kick at locationof large betafunctionis mostharmful.
Thisis obviousfrom viewing figure6.1andhasimplicationson girderdesign(seebelow).

1Eq.6.3is corvenientlyderivedby usingthecircle transformatioreq.3.3. A nicegeometricexplanation
is givenin ref. [58].
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6.2.2 Amplification factors

Sincetherearemary kicks from all magnetmisalignmentseq.6.3 hasto bereplacedoy
asumover all N lattice elementgassumedo be “thin”). The orbit distortionat lattice
elementt is thusgivenby

N
i = ot B os(6 6= 7Q) 64)

The misalignmentsare not known initially thusin modellingthey will be setto ran-
dom numbersperhapsvith somesystematioffsetif thereare mechanicatorrelations
betweermagnets.The error distribution is Gaussiarwith the standarddeviation corre-
spondingto the estimatedprecisionof alignmentbut cut off beyond a thresholdthatcan
certainlybe measuredThe orbit is not obsened everywherebut only on the beamposi-
tion monitors(BPM, seebelow). Theratio of rmsclosedorbit deviation at BPMsto rms
misalignmentss calledtheclosedorbit amplificationfactor Theamplificationfactorsare
highly sensitve to thetune,they rangebetweenvaluesof 10and100usually i.e. 100um
displacementsausel to 10 mm closedorbit distortions.

Actually the amplificationfactoris not completelyinvariantagainstscalingsincethe
closedorbit distortionis notlineardependandn the misalignmenerrorsdueto thepres-
enceof sextupoles,seeeq.6.2. However the contribution from the sextupolesis small
dueto thesquaredependancon Az, Ay. Furthermordaherelationbetweereqgs.6.3and
5.8tells that at leastthe sextupole contrikution to horizontalclosedorbit distortionwill
be suppressethrgely by optimizingthe sextupolesfor exterminationof the integerreso-
nancedriving sextupoleHamiltonianhs; oo for purpose®f dynamicacceptancgain.

Thetool for determinatiorof amplificationfactorsis atrackingcodeallowing magnet
misalignmentgo be setandcontaininga closedorbit finder Errorsaresetby a random
generatarMany different“seeds”of randomnumberdaveto betried andaveragedn or-
derto obtaina statisticallysignificantstatementOneshouldalsopay attentionthatthere
areonly few seedsvhereno closedorbit canbefound,becausehis givesthe probability
for seriouscommissioningroblems.To decreaséhis setof seedsithreademodulemay
precedeheclosedorbit finder.

6.2.3 Girders

Onewould like to move inevitable kicks to locationsof low betafunctionssincethere
the closedorbit is lesssensitve. This canbe doneby girders: A group of magnetss
alignedto very high precision(< 50um) to the girder, which is a ratherstiff pieceof
steel.Thetransitionsetweerygirdersareatlocationsof low beta thegirderareconnected
by joints, which might be virtually establishedy optical systemsforming a so called
“train link”. The “kick” at girder transistionactuallyis a kink in the optical axis. For
the precisionof the girderalignmentlargertolerancegfew 100um) areallowedthanfor
individual magnetsWe have to distinguishthenbetweendifferenttypesof amplification
factors,dependingf we considermisalignmentf the magnetsrelative to the girder,
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absolutemisalignmentof the girderjoints or the play within the joint, i.e. violation of
thetrainlink. Apartfrom mechanicahdvantages girderschemeeducegheclosedorbit
distortionsubstantially

6.3 Closedorbit correction

6.3.1 Correctorsand BPMs

In orderto correctthe orbit we look againat eq.6.4andturn the tables:By applicationof
appropriatadedicatedkicks we cancompensatéhe parasitickicks dueto misalignments.
For theseadditionalkicks we needsmalldipole correctormagnetf variablefield since
we have to adjustthemto a yet unknavn patternof misalignments.We also needto
obserethebeam,i.e. install beampositionmonitors(BPMs)at mary locationsin order
to controlthe successf the corrections.

With one correctorand one BPM at every magnetwe certainly could compensate
every misalingmentocally, however thatwould be overdone.Generallyit is sufficientto
installBPMsandcorrectoratquarterbetatronvavelengthdistance With aphaseadvance
of 90° akick appliedatacorrectoresultsn adisplacemenin thesubsequerBPM. There
anothercorrectowill adjustthebeamto thenext BPM, etc. In realityit is neitherpossible
nor necessaryo setBPM/correctorstationsat exactly quarterbetatronrwavelengthesbut
thephaseadwancehasto substantiallysmallerthan180°, otherwisea correctorwould not
be ableto createary changeof displacementt the next BPM. Practicallyone or two
BPM/correctorstationsarerequiredin every cell of thelattice.

This givesanimportantimplicationevenfor earlylattice design:Fromthe beginning
the appropriatdocationsfor BPMs and correctorsandthe requiredspacefor installing
the deviceshasto be takeninto account! The correctorreally is a small dipole magnet,
it hasto provide deflectionscomparabléo the kicks from eq.6.1.In orderto save space
at somemachineghe correctorsareintegratedas additionalcoils in the quadrupole®r
sextupoles.

TheBPM is madefrom four smallinsulatedareasn thevacuumchambewhich“see”
afield proportionalto the distanceof the beams centerof mass.

By meansof the BPM/correctorsystemthe orbit correctioncan be done. Naively
steeringfrom onecorrectorto the next BPM usuallydoesnot cornverge. We will briefly
discusghetwo method=f choice.

6.3.2 Sliding bump method

As long asthe betatronphaseadvancesbetweencorrectorsare reasonablychosen,i.e
0° < A¢ < 180°, threecorrectors|et’s call them1,2,3,alwaysallow to zerothe orbit in
BPM 2 nearthecentercorrector2 withoutaffectingtherestof thering: Correctorl opens
the orbit bump and 2 providesthe necessarkick for 3 to closeit again. The required
correctorstrengtheareobtainedstraightforvardfrom matrix formalismasshavnin [58].
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In thenext stepcorrector®,3,4areusedto zerothebeamin BPM 3. Sincecorrector2
is closeto BPM 2 changingts strengtimow will only little affectthepreviously optimised
positionin BPM 2. In this mannerthe closedorbit bump “slides” aroundthering. Due
to nonlinearitiesin betatronmotion and small but nonzerophaseadwancesbetweena
correctorandthe correspondinddPM the orbit will not be perfectlycorrectedafter one
turn andis iterateda few timesor until all BPM readingsarebelov somemargin.

6.3.3 Singular value decomposition

With M BPMsin alatticeand NV correctors,N and M not necessargqual,eq.6.4can
be written as multiplication of the N-dimensionalectorof kicks to be appliedby the
correctorsvith a M x N matrix giving the M -dimensionalectorof BPM readings:

(@)t = Anex - (Al Wilh a1 = L cos(0rs — 6= 7Q) - (65)

Aiscalledtheresponsenatrixbecausé providestheinformationhow thebeanresponds
to excitationof the correctors Evenexciting only onecorrectomwill createnonzeraread-
ingsin all BPMs as clearfrom eq.6.3. An exampleof a responsanatrix is shavn in
figure6.3(top).

Solvingthelinear system,.e. inversionof the responsematrix providesa vectorof
correctorstrengthesnd thus performsthe closedorbit correctionin onego. However
theresponsenatrixis notsquareandhasthetendeng to be singularor closeto singular
if someBPMsor correctorsarelinear combinationf others. The methodof choiceto
handlethatis SVD (singularvaluedecomposition)41]: It is arobusttechniqueto solve
ill-conditioned,over or underdeterminetinear systems.For N > M it will minimize
the correctorstrength. For N < M it will find the solutionwith the smallestresidual
orbitin aleastsquaresense.For N = M it will simply invertthe matrix. Furthermore
it providesinsight which correctorsare mostor leastefficient by extractingan N x N
diagonalmatrix of weightfactorsfrom theresponsenatrix.

Figure6.3 (bottom)shaows the invertedresponsenatrix for a casewith N = M and
correctorscloseto BPMs: It is atridiagonalmatrix, i.e. a nonzeroreadingat BPM £ is
producedy nonzercstrengthes the 3 adjacentorrectors: — 1, k andk + 1. — Actually
thisis just the closedorbit bump usedin the sliding bump methodwith the requiredco-
efficientsfor contructingthe bumpstoredin theinvertedresponsenatrix elementsThus
for a squaresystemsliding bump and SVD methodsprovide the same,uniquesolution
for theorbit correction.

6.4 Coupling

Linearcouplingbetweerhorizontalandverticalmotionis introducedoy skew quadrupole
fields from vertically misaligned sextupoles or from quadrupoleswith roll errors.
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Solenoidfieldsasusedin detectorausea rotationof the beamandthusalsointroduce
linearcoupling.

In aflat latticecouplingis thesourceof afinite verticalemittancevhichideallywould
be zero. It is importantnot to mix the coupling parameterx and the emittanceratio
9= €y/¢€s.

Couplingdrivesquadrupolaskew betatrorresonancesf type @, + @, = p. In sum
resonancef'+” sign)thedifferencebetweerthebetatroramplitudess constanandthus
they both may grow infinitely leadingto beamloss. In differenceresonanceg'—" sign)
the sum of betatronamplitudesis constantand the motion remainsconfined,draving
Lissajous-figuresn phasespace.Thusthe lattice’s working point never shouldbe close
to asumresonance.

Underthe assumptionghat the couplingis small, that only skew quadrupolexon-
tribute, and that one single differenceresonances dominantthe coupling constantis
givenby [21]

1 7 s)—¢y (s)—2Z2
S f{c \ BeByas(s)e @)= g (6.6)

with A = (Q, — Q, — p) the distanceto the differenceresonancend a, the skew
guadrupolestrength.Whenmoving the working pointinto the resonancéorizontaland
verticaltuneswill not crossover but the betatronoscillationswill meige into a coupled
oscillationwith two differenttunesthatcannotbeassignedo oneof thetrans\erseplanes.
Theclosestuneapproacltorrespondso thewidth of theresonancandis givenby |x|.

If couplingis the only sourceof vertical emittancethe emittanceratio g is given
by [21]

[k]/A 1 g

= meo Gy = memo

= 61:

(Ik[/A)2+1/2

(6.7)

with ¢, thenaturalhorizontalemittanceof theidealflat lattice.

If alow verticalemittanceas required for examplefor reason®f brightnessn alight
source dedicatedskew quadrupolesnay be addedto thelatticein orderto minimizethe
integral of eq.6.6. Another sourceof vertical emittanceis spuriousvertical dispersion
causedy vertical dipole downfeedfrom quadrupoléhearesandthusindependantrom
coupling.

If the lattice is not flat it will of courseprovide a naturalvertical emittancefrom
synchrotrorradiationin verticalbendingmagnetavhich hasnothingto do with coupling
either

Couplingis usuallyconsidere@sa parasiticeffectandsuppressed-oweverin opera-
tion somecouplingresultingin g ~ 10~3...10~2 is oftenappreciatedh orderto prolong
the TouscheMifetime whichis inverselyproportionalto the bunchvolume.

Somecollider conceptgyo evenfurtherandusededicatedso calledroundbeamii.e.
beamswith equalhorizontalandverticalemittanceandequalbetafunctionsttheinterac-
tion point, in orderto obtainhigherluminosity: The Novosibirsk®-factorywasdesigned
to operateexactly onthe maindifferenceresonancéut to producehorizontalandvertical
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emittancesndependentiypy rotatingthe beam90° per turn by meansof superconduct-
ing solenoidsalsousedfor focussingat the interactionpoint [3]. Anotherconceptwas
to do all focusingby skew quadrupolesndobtainuncoupledmotionsin the 45° rotated
eigenplanef9].

For furtherreadingon couplingseerefs.[21, 57, 10].

6.5 Multipolar errors

Finite approximatiorof ideal magnetpole contours saturatioreffectsand mountinger
rorsof amagnets componentintroduceparasiticmultipoles.

Parasiticmultipolesareobtainedrom magnetimulationsor measurementghey are
usuallyexpressedsrelative field componenatsomereferenceadiusB,, (r) /B, (r) with
themagnetidieldsgivenby eq.2.1.

Due to finite approximationof ideal pole contoursodd multiples of the fundamen-
tal pole appearsystematicallye.g. a quadrupolgn = 2) hassystematiacdodekapoles
(n = 6), ikosapolegn = 10) andsoon. Theseparasiticmultipolesmay alsochange
with saturation.Quadrupolesireusuallymanugcturedn two halfsin orderto mountor
unmounthevacuumchamberthusalignmenterrorsbetweerthetwo halfscauseandom
octupolesyaryingfor individual magnets.

Bendingmagnetshave systematicsextupolescausedby finite pole width and edge
sextupolescausedy a curvatureof thefringe field.

Dipolar, quadrupolamland sextupolarerrorsare not very harmful sincethey may be
compensatetdy the correctordipoles,by retuningthe quadrupoler reoptimizingthe
sextupoles.Highermultipoleswould requireintroductionof a correctionsystemof same
multipoleorderif thereis no otherway to maintainsufficientdynamicacceptancelrack-
ing simulationsare requiredbefore orderingmagnetsfor a machinein orderto define
tolerancedor the parasiticmultipole content.For modernmachineshesetoleranceex-
pressedsrelative field componentat aperturénscribedradiusarein the 10~* rangeand
thusrequiregreatskills from the magnetmanufcturers.

6.6 Ground vibrations

Nature(tides, rivers, earthquaks) andcivilization (machinestraffic, quarries)produce
groundwaves leadingto dynamic,correlatedmisalignmentof magnets. The relevant
frequeny rangeis from O to a few 100Hz. Modelling shouldincludethe groundspec-
trum,dampingirom theconcretdloor of theacceleratohall, mechanicatesonancesom
thegirdersandfinally theclosedorbit responseGroundwavesaretoo fastfor thenormal,
DC basedclosedorbit correctionto follow. As aa generakule of thumbthe beamjitter
dueto vibrationsshouldbe lessthan10% of the beamradius.However at theinteraction
regionof acollideror attheundulatoror a high brightnesdight sourcethistolerablgitter
is in the micronrange. If it is predictedto be larger the installationof a dedicatedrast
orbit feedbacksystemhasto considered.Figure 6.2 shawvs the closedorbit responseo
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groundwavesfor the SwissLight Sourceindicatingthe benefitof girdersto suppresshe
beamjitter. For furtherreadingseeref. [47].
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Figure6.2: Amplification factorsdefinedasratio of closedorbit (averagedover ground
wave incidentangleand phase)to groundwave amplitudefor single elementgdotted)
and elementsmountedon girders(solid). For high frequeny the factorsapproachthe
valuesfrom randommagnetmisalignmentsAn increaseof thefactorsis obseredwhere
A equalsthe betatronwavelength which occursat 36 Hz for the horizontalandat 14 Hz
for thevertical. Dataarefor the SwissLight Sourceandweretakenfrom ref.[7].
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