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4. Multi-particle dynamics 

u Liouville’s theorem 
n Phase space conservation n Deterministic Chaos 

u Particle distributions 
n Moments  n  Measurements  n  Sigma-matrix  

n Emittance  n  Courant-Snyder parameters   

u Beam Transformation 
n Particle and beam transformation   

n Periodicity 

n Matching   

n  The FODO cell 

u Lattice imperfections 
n Resonances 

n Orbit distortion and correction  

n Chromaticity 
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Liouville’s theorem 

“The 6-d phase space occupied by a beam  

behaves like an incompressible liquid.” 

(i.e. can be deformed, twisted, stretched etc.  

but will never shrink or blow up) 

valid for Hamiltonian systems only:  

Transformation by symplectic map M 

 

Jacobian of map M  = (local) transfer matrix 

Symplecticity implies*  

ð conservation of (local) phase space volume 

Joseph Liouville 
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*symplecticity is more than that: n(n-1)/2 constraints on matrix M (n = dimension) 

4. Multi-particle dynamics Liouville’s theorem 
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Conservation of phase space volume 

4. Multi-particle dynamics Liouville’s theorem 
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Example: symplectic mapping 

p 

x 

4. Multi-particle dynamics Liouville’s theorem 
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Chaos 
Non-linear distortion of harmonic oscillation near y = r/s  (r, s Î N, ”small”) 

Þ formation of 2s fix-points (resonance):  

s elliptic fix-points: stable (m complex)  
Þ  s “islands” 

s hyperbolic fix-points: unstable (m real)  
Þ chaotic layers between islands. 

Þ Filamentation of phase space area  
due to area conservation and rapid  
increase of enclosing curve length. 

Deterministic chaos 

 weak causality still valid: 
  same causes  ® same effects 

 strong causality invalid: 
  similar causes ® similar effects 

Self-similarity: islands become new centers of modulo-s-motion. 

Storage ring design challenge: optimization of dynamic acceptance 
      (=central stable phase space area) 

X 

4. Multi-particle dynamics Liouville’s theorem 



Andreas Streun, PSI                             92 

Particle distributions 

u Particle beam (bunch) contains  N = 106...1012 particles. 

    ® continuous distribution  

u phase space density = statistical distribution function 

u Characterization by moments: 

n 0th       normalized to particle number N 

n 1st    beam orbit 

n 2nd     S-matrix 

    ð 6 (r.m.s.) beam sizes 

    ð 15 correlations 

    =   21 independent elements 

   centered S-matrix: 
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Particle distributions 4. Multi-particle dynamics 



Andreas Streun, PSI                             93 

Measurements 
0th moment 

current transformer 

 beam current I(t)   
beam charge Q = qN = ò I dt  

 

1st moment 

beam position monitor 

 transverse beam positions   
 

2nd moment 

fluorescent screen + camera 

 beam sizes sx, sy  

 and tilt angle 

SwissFEL 4 MeV screen 

SLS booster BPM 
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LHC current transformer 

yx,

Particle distributions 4. Multi-particle dynamics 
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The S-matrix 

 Linear beam transformation by matrix M 

u 0th moment:  invariant (not assuming beam losses) 

u 1st moment:  orbit  

u 2nd moment: S-matrix   (prove!) 

 Symplecticity:     | M | =1    Þ    |S1| = |S0| = constant. 

 |S| is invariant (in linear dynamics) 

 

 

  

  

  e = emittance ,  invariant of motion (in 2-d) 
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Example  
(n = 2) 

Particle distributions 4. Multi-particle dynamics 
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Example: focusing a beam 

 Emittance is the 

invariant phase 

space area (2-d). 

large      large        small 

small      large        large 

   0      large          » 0 

- - - - - - constant - - - - - - - 

2x

2

xp

xxp

Phase space view 

e
General linear dynamics:  

  is the invariant 6-d phase space volume. S

Particle distributions 4. Multi-particle dynamics 
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Transverse emittance definitions 

u normalized (true) emittance exn  in {x, px} plane, resp. eyn 

u geometric   emittance   ex   in {x, x’} plane 

 

 

n often used, in analogy to ray optics:   x’ = px/p << 1 
n but x’ is not the canonical conjugate to x! 

n exn » < bg > moc ex      if         x’ << 1  paraxial beam 

          and  | p - p0 | << p0  monochromatic beam 

u Emittance units 

n  [e] = m[·rad] or mm·mrad   storage ring community:   nm[·rad]  

n  [en] = moc mm·mrad    linac community:          p mm·mrad  

222 '' xxxxx -=e

Particle distributions 4. Multi-particle dynamics 
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Longitudinal emittance definitions 

u relative to reference particle at (s(t), p0) in {Ds, Dp} plane 

 

u alternative coordinates   

n normalized momentum  Dp ® d = Dp / p0  

n energy     Dp ® DE = Dp b0c 

n time   Ds ®  Dt = Ds/b0c   

n phase    Ds ®  Df =2p Ds/l  with l RF wavelength.  

u “longitudinal emittance” uncommon term in synchrotrons 

n little correlation <DsDp>» 0 

n use bunch length ss and relative momentum spread sd 

Particle distributions 

222 pspss DD-DD=e

4. Multi-particle dynamics 
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Courant-Snyder parameters 

 transverse 2-d phase space using {x, x¢}  

u Normalized S-matrix s 

 

 

 

 

u a, b, g   Courant-Snyder parameters      |s| = bg - a2 = 1 

u Beta function  b  [m] = sx
2/e    [ a = -b ¢/2 ,  g = (1+a 2 )/b  ] 

u S = e s   characterizes the physical beam: “the body” 

n e defines “mass” of beam (invariant area in phase space): “the flesh” 

n s defines “shape” of beam (variable orientation in phase space): “the bones” 
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Particle distributions 

E. D. Courant & H. S. Snyder, 

Theory of the Alternating 

Gradient Synchrotron,  

Annals of physics 3, 1958 

don’t mix with the 

relativistic parameters b, g ! 

4. Multi-particle dynamics 
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Beam transformation 
u Transfer matrix 

n piecewise constant elements (drift, quadrupole etc.) 

n element matrix = part of an harmonic oscillation 

n lattice matrix = product of the element matrices 

u Single particle transformation 

u Beam description by S-matrix 

 

u Beam transformation 
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Example: drift space 
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Transfer matrix 

Single particle  

transformation: 

CS parameter (s-matrix)  

transformation: 

)(2)(max sJsx b=

beam envelope  

Initial beam ellipse  

bo = 1 [m], ao= 3 

50 particles (x, x¢)io at 

amplitude 2J = 1 [m×rad] 

 

4. Multi-particle dynamics Beam transformation 
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Periodicity 
u the sigma matrix s(s) (resp. b(s)) tells how a beam propagates 

from initial conditions s0 

u periodic structure may have periodic solution  

u the periodic solution sper is a pure lattice property, 
independent of the initial beam conditions s0. 

u Calculation: 

 

 

u periodicity condition: |½Tr(M)| = ½|m11+ m22| < 1  
otherwise no periodic solution exists and b,a,g  are undefined. 

u Betatron tune Q (from slide 86):  
| cos (2pQ) | < 1 with cosm = ½Tr(M)    

u Matching: adjust s0 = sper 

4. Multi-particle dynamics Beam transformation 
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Matching 
Example: FODO line  

alternating horizontal and vertically focusing quadrupoles 

per0 ss =  :matched

per0 ss ¹  :mismatched bx   by 

periodic 

 cell 

  Note: in electron/positron storage rings, the beam matches itself  

 within milli-seconds through synchrotron radiation 

4. Multi-particle dynamics Beam transformation 
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